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머Ã리Ã말Ã

위대한�령도자�원수님께서는�다음과�같이�말씀하시였다.�

《기초과학교육에서는Ã수학교육을Ã강화하는것이Ã특별히Ã중요

합니다.Ã수학은Ã모든Ã자연과학의Ã기초의Ã기초입니다.》Ã

수학은�모든�자연과학의�기초의�기초이며�수학을�모르고서는�과학

기술분야에서�나서는�모든�문제들을�원만히�풀어나갈수�없다.�

특히�중학교�수학교육은�학생들의�과학적인�사고능력을�키우는데

서�매우�중요한�의의를�가진다.�

이�참고서는�제1중학교를�비롯한�중학교에서�취급하고있는�수학교

육내용을�기본으로�하면서�현실발전의�요구에�맞게�중학생들의�전반적

인�수준에�맞으면서도�수학지식들사이의�긴밀한�호상련관을�지어주기�

위한�문제들과�사고를�보다�폭넓고�깊이있게�키워주기�위한�새로운�형

태의�문제들로�구성되여있다.�

대수,�기하,�해석수학초보�등의�여러가지�지식들을�13개�부분으로�

나누고�부분별로�1)�문제풀이방법,�2)�련습문제,�3)�자체시험문제�등으

로�갈라서�내용별로,�형태별로�묶어주었으며�여러가지�시험문제들도�

제시하였다.�

우리는�분과�초를�아껴가며�열심히�학습하여�강성대국건설을�떠메

고나갈�유능하고�실력있는�인재들로�자라나야�한다.�
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1.Ã모임과Ã명제,Ã함수Ã

1)Ã문제풀이방법Ã

례�1.�전체모임이�E＝{ 040222 <+− xxx ( x ∈Z)},�부분모임이�

A＝{ 14 −= kxx ( k ∈Z)},�B＝{ kxx 3= ( k ∈Z)},�C＝{20이

하의�씨수},�D＝{ kxx 2= (k∈Z)}일�때�다음�모임을�구하여라.�

A∩B,�A∪B,�B∩C,�D ,�C∩D ,�A∩D,� DC I ,�C∪D�

(풀이)�E＝{ 202 << xx ( x∈Z)}이므로�

A∩B＝{3,�15}�

A∪B＝{3,�6,�7,�9,�11,�12,�15,�18,�19}�

B∩C＝{3}�

D＝{3,�5,�7,�9,�11,�13,�15,�17,�19}�

C∩D＝{3,�5,�7,�11,�13,�17,�19}�

A∩D＝�

DC I ＝{4,�6,�8,�9,�10,�12,�14,�15,�16,�18}�

C∪D＝{4,�6,�8,�9,�10,�12,�14,�15,�16,�18}�

례�2.�전체모임이�E＝{1,�2,�3},�부분모임이� BA U ＝{2}일�때�가

질수�있는�A와�B의�쌍은�얼마인가?�

(풀이)�문제의�의미로부터�A∪B＝{1,�3}이므로�

A＝{1},�B＝{3};�A＝{3},�B＝{1};�A＝{1,�3},�B＝{3};�

A＝{1,�3},�B＝{1};�A＝{3},�B＝{1,�3};�A＝{1},�B＝{1,

3};�A＝{1,�3},�B＝{1,�3};�A＝��,�B＝{1,�3};�A＝{1,�

3},�B＝���

즉�9개�

례�3.�직각자리표계에서�점�(－2,�3)과�(2,�4)의�모임을�표시하는것

은�(���)이다.�

A.�M＝{ 1x ＝－2,� 1y ＝3,� 2x ＝2,� 2y ＝4}�

B.�N＝{( x ,� y ) x ＝2,� 1y ＝3,� 2y ＝4}�

C.�S＝{( x ,� y ) 2(− ,�3),�(2,�4)}�

D.�T＝{－2,�3,�2,�4}�

(풀이)�C�
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례�4.�1)�P＝{ 12 += nxx ( n∈Z)},�Q＝{ 14 ±= kxx ( k∈Z)}일�

때�P,�Q의�관계는�(���)이다.�

A.�P⊂Q�� � B.�P＝Q�

C.�P⊃Q�� � D.�P≠Q(또는�P⊄Q,�P⊅Q)�

2)� x ,� y ∈R이고�실수모임�P＝{ 133 ++= xxss }과�Q＝

{ 132 +−= yytt )}의�관계는�(���)이다.�

A.�P⊂Q����B.�P＝Q����C.�P⊃Q����D.�P≠Q�

(풀이)�1)�B�

∵� 1
2

412 +⋅=+
nn �

n이�짝수이면�
2
n
∈Z�

∴� 1412 +=+ kn �

n이�홀수이면�

1
2

412 +⋅=+
nn �

1
2

141
2
1

2
14 −






 +
⋅=+






 −

+
⋅=

nn
�

∴�
2

1+n
∈Z�즉� 1412 −=+ kn �

∴�P⊂Q�

한편� 1)2(214 +⋅=+ kk �

2 k∈Z이므로� 1214 +=+ nk (n∈N)�

1)12(214 +−⋅=− kk �

2 k－1∈Z이므로� 1214 +=− nk (n∈N)�

∴�Q⊂P�

∴�P＝Q�

2)�B�

s＝
4
5

2
3

4
91

2
3 22

−





 +=−+






 + xx 이므로�

P＝








−≥
4
5ss �
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4
5

2
3

4
91

2
3 22

−





 −=−+






 −= yyt �

Q＝








−≥
4
5tt �

∴�P＝Q�

례�5.�두�모임이�

A＝{ 1)2(log3 ≤− xx },�B＝{ 0)1( 32 <++− axaaxx }�

일�때�B⊂A가�성립하기�위한�a의�값범위를�구하여라.�

(풀이)� 1)2(log3 ≤− x 이므로�




>−
≤−

02
32

x
x

�

∴�－1≤ x＜2�

0)1( 32 <++− axaax �

0))(( 2 <−− axax �
2axa << �또는� axa <<2

�

∴�A＝{ x｜－1≤ x＜2}�

B⊂A이므로�－1≤ a＜2�또는�－1≤ 2a ＜2�

∴�－1≤ a＜ 2 �

례�6.�M＝{ 12 += axx ( a∈N)},�P＝{ 542 +−= bbyy ( b ∈N)}

일�때�M⊂P임을�증명하여라.�

(증명)�임의의� 0x ∈M에�대하여�

5)2(4)2(1 0
2

0
2
00 ++−+=+= aaax �

0a ∈N이므로� 20 +a ∈N�

∴� 0x ∈P�즉�M⊂P�

한편�b＝2일�때� y＝1�� ∴�1∈P�

012 >+= ax 이므로�1∉M�

M≠P이므로�M⊂P�

례�7.�A＝{ 01072 ≤+−xx },�B＝{ 02 <++ baxxx },�A∩B＝��,�

A∪B＝{ xxx 243 ≤<− }일�때�a ,�b의�값을�구하여라.�

(풀이)�A＝{ 0)5)(2( ≤−− xxx }＝{ 52 ≤≤ xx }�
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A∩B＝��,�A∪B＝{ 72 <≤ xx }이므로�

B＝{ 75 << xx }�

＝{ x｜ 0)7)(5( <−− xx }�

＝{ x｜ 035122 <+− xx }�

즉�a＝－12,�b＝35�

례�8.�M＝ ( )








= 2

2
1, xyyx ,�N＝ ( ){ }9)(, 22 =−+ ayxyx 일�때�

M∩N≠��의�필요충분조건을�말하여라.�

(풀이)�M∩N≠��







=−+

=
⇔

9)(
2
1

22

2

ayx

xy
는�실수풀이를�가진다.�

⇔ 방정식� 92)( 2 =+− yay �즉� 09)1(2 22 =−+−− ayay
의�풀이가�부�아닌�실수이다.�

⇔








≥−=⋅

≥−=+
≥−−−=

09

0)1(2
0)9(4)1(4

2
21

21

22

ayy
ayy

aaD

⇔ 3 ≤≤ a 5�

따라서�필요충분조건은�a∈[3,�5]이다.�

례�9.�모임�A＝{ x｜－2＜ x＜4},�B＝{ axx < }가�주어졌다.�

1)�A⊃B일�때�실수�a의�값범위를�구하여라.�

2)�A∩B일�때�실수�a의�값범위를�구하여라.�

(풀이)�1)� ≤a 0이면� ax < 의�풀이모임은���

즉� ≤a 0일�때�B＝��⊂A�

a＞0일�때�





⊂

<<−=

AB

B }{ axax
�↔�









>
−≥−

<

0
2

4

a
a
a

�↔�0＜ 2≤a �

따라서�a∈(－∞,�2]일�때�B⊂A가�성립한다.�

2)� ≤a 0일�때�B＝���⇒�B＝R�⇒�A∩B＝A∩R＝A≠���

0>a 일�때�B＝{ axax <<− }⇒� B ＝{ axx ≥ �또는�

ax ≤ ,� 0>a }�
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한편�A∩B＝��⇒�




<−
≥

2
4

a
a

⇒� 4≥a �

∴�a∈[4,�＋∞)�

례�10.�다음�명제의�거꿀,�안,�거꿀안명제를�쓰고�그�진리성을�밝혀라.�

1)� x ,� y∈R가� yx ＝0이면� 0=x �또는� 0=y 이다.�

2)�실수� x ,� y가� 2≥x ,� 3≥y 이면� 5≥+ yx 이다.�

3)�2등변3각형의�두�옆변에�그은�높이는�서로�같다.�

(풀이)�1)�본명제:� yx, ∈R가� 0=xy 이면� 0=x �또는� 0=y 이다.�

(참)�

거꿀명제:� yx, ∈R가� 0=x �또는� 0=y 이면� 0=xy 이

다.(참)�

안명제:� yx, ∈R가� 0≠xy 이면� 0≠x 이고� 0≠y 이

다.(참)�

거꿀안명제:� yx, ∈R가� 0≠x 이고� 0≠y 이면� 0≠xy 이

다.(참)�

2)�본명제:� 실수 yx, 가� 2≥x ,� 3≥y 이면� 5≥+ yx 이

다.(참)�

거꿀명제:�실수 yx, 가� 5≥+ yx 이면� 2≥x ,� 3≥y 이

다.(거짓)�

안명제:�실수� yx, 가� 2<x �또는� 3<y 이면� 5<+ yx 이

다.(거짓)�

거꿀안명제:� 5<+ yx 이면� 2<x �또는� 3<y 이다.(거짓)�

3)�본명제:�3각형이�2등변3각형이면�두�옆변에�그은�높이는�

서로�같다.(참)�

거꿀명제:�3각형에서�두�변에�그은�높이가�서로�같으면�이�

3각형은�2등변3각형이다.(참)�

안명제:�3각형이�2등변3각형이�아니면�임의의�두�변에�그

은�높이는�같지�않다.(참)�

거꿀안명제:�3각형의�임의의�두�변에�그은�높이가�같지�않

으면�이�3각형은�2등변3각형이�아니다.(참)�

례�11.� f 가�모임�R＋의�R우로의�넘기기이고�

f :� xx lg→ ( x∈R＋)�

이면�1대1넘기기라는것을�증명하여라.�

(증명)� f 가�넘기기이므로� f 가�1대1이라는것만�밝히면�된다.�
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그림�1－1�

A B�

C�D

Q

E�

M�

N�

①� 21 xx ≠ 이고� 1x ,� 2x ∈R＋라고�하면�

11 lg xy = ,� 22 lg xy = �

이고� 1y ,� 2y ∈R일�때�

2

1
2121 lglglg

x
xxxyy =−=− �

21 xx ≠ 이고� 1x ,� 2x ∈R＋이므로� 1
2

1 ≠
x
x

�

∴� lg 0
2

1 ≠
x
x

�즉� 21 yy ≠ �

②� 3y ∈R이고� 33 lg xy = 이면� 010 3
3 >= yx �

∴� 3x ∈R＋�

따라서�R의�매�원소가�모두�R＋의�원상을�가진다.�

①,�②로부터� f 는�R＋의�R에로의�1대1넘기기이다.�

례�12.�바른4각형�ABCD의�변길이가�1이다.�한�점�P가�점�A로부

터�출발하여�바른4각형의�변들을�따라�A→B→C→D→A로�

움직인다.�P가�지나간�거리를� x라고�하고�AP2을� y 로�할�

때� y를� x로�표시하고�그라프를�그려라.�

(풀이)�점�P가�AB에서�움직일�때�실례로�점�E까지�운동했다고�하자.�

그러면�

AE＝ x ,�
AP2＝ y＝ 2x ( x∈[0,�1]) 

점�P가�BC에서�움직일�때�실례로�점�

M까지�운동했다고�하면�

AB＋BM＝ x ,�
AP2＝ y＝AB2＋BM2＝1＋( x－1)2�

( x∈[1,�2])�

점�P가�CD에서�운동할�때�실례로�N까지�운동했다면�

x＝2AB＋CN,�ND＝3－ x �
∴�AP2＝AD2＋ND2＝1＋(3－ x )2( x∈[2,�3])�

점�P가�DA에서�운동할�때�실례로�Q까지�운동했다고�하면�

x＝3＋DQ,�AQ＝4－ x ,�
AP2＝ y＝AQ2＝(4－ x )2( x∈[3,�4])�

따라서�다음의�함수의�식이�얻어진다.�
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그림�1－2�

x �

y

1 2 3� 4�

1

2

0

( )
( )
( )
( )












∈−

∈+−

∈+−

∈

=

]4,3[)4(
]3,2[1)3(

]2,1[1)1(
]1,0[

2

2

2

2

xx
xx
xx
xx

f �

그라프는�그림�1－2와�같다.�

례�13.�구간�[－1,�1]에서�2차함수� 4)( 2 ++= axxxf 의�최대값과�

최소값을�구하여라.�

(풀이)�
4

4
2

4)(
22

2 aaxaxxxf −+





 +=++= �

1
2

−<−
a

�즉� 2>a 일�때�

afy −=−= 5)1(최소 ,� afy +== 5)1(대최 �

1
2
>−

a
�즉� 2−<a 일�때�

afy +== 5)1(최소 ,� afy −=−= 5)1(대최 �

0
2

1 <−≤−
a

�즉� 20 ≤< a 일�때�

4
4

2

2aafy −=





−=최소 ,� afy +== 5)1(대최 �

1
2

0 ≤−≤
a

�즉� 02 ≤≤− a 일�때�

4
4

2

2aafy −=





−=최소 ,� afy −=−= 5)1(대최 �

례�14.�구간�[ t ,� 1+t ]에서�함수� 52)( 2 ++= xxxf 의�최소값이�

)(tϕ 이다.� )(tϕ 의�함수식을�구하여라.�

(풀이)� 4)1()( 2 ++= xxf �

1−>x 일�때� )(xf 는�증가한다.�

1−<x 일�때� )(xf 는�감소한다.�

따라서�
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)2(845)1(2)1(
)12(4

)1(52
)(

22

2

ttttt
t

ttt
xϕ �

례�15.�함수� )(xfy = 가�뜻구역�R에서�홀함수이다.� 0>x 일�때�

)1()( −= xxxf 이라고�하면� )(xf 를�구하여라.�

(풀이)� )(xf 가�R에서�홀함수이므로� )()( xfxf −=− �

∴� )0()0( ff −= �

∴� 0)0( =f �

0<x 일�때�

)1()]1([)()( +−=−−−−=−−= xxxxxfxf �

∴�









<+−
=
>−

=
)0()1(
)0(0
)0()1(

)(
xxx
x
xxx

xf �

례�16.�다음�함수들의�뜻구역을�구하여라.�

1)� 2
1

2
)(lg2

64
1 −− ++
−

= x
x

y x
�

2)�
12
23log

3
19

2
1

3

+
−

+





−=

x
xy

x

�

(풀이)�1)�









>
∈−

>−

0lg

064 2

x
x
x
R � � � ∴�









>
∈

<<−

1

88

x
x

x
R �

따라서�뜻구역은� 81 << x �

2)�











≥
+
−

≥





−

0
12
23log

0
3
19

2
1

3

x
x

x

� � ∴�









≤
+
−

<

≥ −

1
12
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2
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3
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2
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3
2

xxx
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또는또는

�

따라서�뜻구역은� 3
3
2

≤< x �

례�17.�다음�함수의�값구역을�구하여라.�

1)�T xy yx loglog += �

2)� )(xfy = 가�방정식� 0274622 22 =+−−+− yxyxyx
을�만족시킨다.�

(풀이)�1)�뜻구역은�{ 10 << xx ∪ 1>x }�

tyx =log 로�놓으면�

t
t 1T += �즉� 01T2 =++ tt �

04TD 2 ≥−= 이므로� 2T ≥ �또는� 2T −≤ 이다.�

따라서� 10 << x ,� 10 << y 일�때�또는� 1>x ,� 1>y 일�

때�값구역은� ),2[T ∞+∈ 이고� 10 << x ,� 1>y �또는�

1>x ,� 10 << y 일�때�값구역은� ]2,(T −−∞∈ 이다.�

2)� 0)274()62(2 22 =−−++− yyxyx ( x∈R)�

)274(8)]62([D 22 −−−+−= yyy �

0180564 2 ≥−+−= yy �

∴� 045142 ≤+− yy �

따라서�값구역은� 95 ≤≤ y �

례�18.�1)�함수� 5loglog 2

4
1

2

4
1 +−








= xxy ( 42 ≤≤ x )의�최대값

과�최소값을�구하여라.�

2)�
22 )2(44 +−= xy 일�때�

22 yx + 의�최대값과�최소값을�

구하여라.�

3)�함수� 742log 2
5 +−= xxy 의�최소값을�구하여라.�



�
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(풀이)�1)� 41log
2

4
1 +








−= xy �

따라서� 42 ≤≤ x 일�때�단조함수이고�

2=x 일�때�
2
12loglog

4
1

4
1 −==x �

4=x 일�때� 14loglog
4
1

4
1 −==x �

4
254

2
3 2

=+





−=최소y ,� 8422 =+=대최y �

2)�
2222 )2(44 +−+=+ xxyx �

3
28

3
8312163

2
2 +






 +−=−−−= xxx �

22 )2(44 +−= xy 이므로� 1)2( 2 ≤+x �

∴� 13 −≤≤− x �

3
8

−=x 일�때�
22 yx + 은�최대값�

3
28

을�가지고� 1−=x

일�때�
22 yx + 은�최소값�1을�가진다.�

3)�2차3마디식� 742 2 +− xx 에서� 02 >=a �

0724)4(D 2 <⋅⋅−−= �

5)1(2742 22 +−=+− xxx �

1=x 일�때� 742 2 +− xx 은�최소값�5를�가진다.�

따라서� 1=x 일�때�
2
1742log 2

5 =+−= xxy최소 이다.�

례�19.�1)�
xx

x
x
xf 111

2

2

+
+

=





 −

일�때� )(xf 를�구하여라.�

2)� [ ]{ } 1327)( += xxfff 일�때� )(xf 를�구하여라.�

(풀이)�1)�
xx

x
x
xf 111

2

2

+
+

=





 −

xxx
xx 1212

2

2

++
+−

= �

3131 2

+





 −

−





 −

=
x
x

x
x
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(－1,0) (1,0)�

∴� 33)( 2 +−= xxxf �

2)� baxxf +=)( 라고�하자.�

[ ] )1()()( 2 ++=++= abxabbaxaxff �

[ ]{ } )]1([)( 2 ++= abxafxfff babxaa +++= )]1([ 2
�

)1( 23 +++= aabxa �

[ ]{ } 1327)( += xxfff 이므로�곁수비교법에�의하여�







=++

=

13)1(
27

2

2

aab
a

�� 즉� 3=a ,� 1=x �

∴� 13)( += xxf �

례�20.�다음�함수의�그라프를�그려라.�

1)� xy yx loglog = � 2)� xy 2log= �

3)� 22 −= xy � � 4)�
xy 2log2= �

5)�
x

xy 1
+= �� � 6)�

1
)1(

+
+

=
x
xxy �

(풀이)�1)� y
x x

y

log
log

1
= ,� ( ) 1log 2 =xy ,�

1log ±=xy �

∴�




=⋅
≠>=

1
)1,0(

yx
xxyx

�

(그림�1-3을�참고)�

2)�원함수를� 0log2 ≥x 과� 0log2 <x
으로�변형할수�있다.�

( )
( )
( )
( )






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<<−
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−≤−

=

1log
10log

01)(log
1)(log

2

2

2

2

xx
xx
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xx

y �

(그림�1-4를�참고)�

3)� 22 −= xy �
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(그림�1-5를�참고)�
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2 2log
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xx
y x
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(그림�1-6을�참고)�

5)� 12 += xxy �

012 =+− xyx �

2
42

2,1

−±
=

yy
x �

따라서� 2≥y �또는� 2−≤y ,�

2±=y 일�때� 1±=x �

곡선의�정점은�(1,�2),�(－1,�－2)이다.�

그라프는� y 축과�직선� xy = 사이에�놓인다.(그림�1-7을�

참고)�
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례�21.�다음�그라프의�함수의�식을�구하여라.�

�

�

�
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�

�

�

(풀이)�1)�


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
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
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)43(3
)31(2
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x
x
xx
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y 




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례�22.�다음�함수의�짝홀성을�밝혀라.�

1)� ( ))1,1(
1
1ln)( −∈
+
−

= x
x
xxf �

2)�
nn xxxf −−=)( �

3)� 0>a ,� 1≠a ,� )(xg 가�홀함수일�때�







 +

−
−=

2
1

1
1)()1()( 2a

xgaxf �

4)� )(xf ,� x ∈R가�
3)()( dxcxxbfxaf +=−− 을�만족시키

고� a ,� b ,� c ,� d 는�모두�0이�아니다.� ba ≠ 일�때�

)(xf 의�식을�구하여라.�

(풀이)�1)�홀함수�

)1,1(−∈x 일�때�

)1ln()1ln(
1
1ln)( xx
x
xxf +−−=

+
−

= �

한편� )1ln()1ln()( xxxf −−+=− �
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)()]1ln()1[ln( xfxx −=+−−−= �

이므로�홀함수이다.�

2)�n이�짝수일�때�짝함수,� n이�홀수일�때�홀함수��

n이�짝수일�때�즉� kn 2= �
kk xxxf 22 )()()( −−−−=− �

)()()( 2222 xfxxxx kkkk =−=−= −−
�

따라서�
nn xxy −−= 은�짝함수�

n이�홀수�즉� 12 += kn 일�때�
122 )()()()()( −− −⋅−−−⋅−=− xxxxxf kk
�

)12(12122 )( +−+−− +−⋅+−= kkkk xxxxxx �

)()( )12(12 xfxx kk −=−−= +−+
�

nn xxy −−= 은�홀함수�

0=n 일�때� )(,0)( xfxf = 는�짝함수�또는�홀함수이다.�

3)�짝함수�

)()( xgxg −=− 이므로��







 +

−
−=− − 2

1
1

1)()1()( xa
xgaxf �














+

−
−−=

2
1

1

1)()1( 1
xa

xga �







 +

−
−−−−=

2
1

1
11)()1( xa

xga �







 −

−
−−=

2
1

1
1)()1( xa

xga �

)(
2
1

1
1)()1( xf

a
xga x =






 +

−
−= �

따라서� )(xf 는�짝함수이다.�

4)�홀함수�
3)()( dxcxxbfxaf +=−− � � ①�

이므로�

)()()( 3dxcxxbfxaf +−=−− �� ②�
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①＋②하면�

0)]()([)]()([ =+−−−+ xfxfbxfxfa �

ba ≠ 이므로 0)()( =−+ xfxf  

)()( xfxf −=− �

따라서� )(xf 는�홀함수이다.�

식�①로부터�
3)()( dxcxxbfxaf +=+ �

∴� )(1)( 3dxcx
ba

xf +
+

= �

례�23.� 8)( 23 −++= bxxaxxf 이고� 10)2( =−f 일�때� )2(f 의�값

을�구하여라.�

(풀이)� bxaxxg += 3)( 라고�하면� )(xg 는�뜻구역�R에서�홀함수이고�

8)()( −+= 2xxgxf 이다.�

108)2()2()2( 2 =−−+−=− gf �

14)2( =−g �

14)2( −=g �

∴� 1841482)2()2( 2 −=−−=−+= gf �

18)2( −=f �

례�24.� 2
1

2
1

−
−= xxy 일�때�

1)� )(xfy = 가�뜻구역에서�증가함수라는것을�증명하여라.�

2)� )(xfy = 가�거꿀함수를�가진다는것을�증명하고�그�거꿀

함수를�구하여라.�

(증명)�1)�함수� )(xf 의�뜻구역은�R＋이고�함수의�값구역은�R이다.�

021 >> xx 이라고�하면�

2
1

2
2
1

2
2
1

1
2
1

121 )()(
−−

+−−=− xxxxxfxf �
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그림�1－12�
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2
2
1

1 >− xx ,� 0
)(

11
2
1

21

>+
xx

이므로�

0)()( 21 >− xfxf �

따라서� )(xfy = 는�뜻구역에서�증가함수이다.�

2)� )(xf 는�증가함수이므로�

21 xx ≠ ( 1x ,� 2x ∈R＋),� )()( 21 xfxf ≠ �

따라서�거꿀함수를�가지므로� 2
1

2
1

−
−= xxy 로부터�

012
12

2
1

=−−







yxx �

2
42

2
1

2,1

+±
=

yy
x �

《＋》값만을�취하면�
2

42
2
1 ++
=

yy
x �

거꿀함수를�구하면�

2
42

2
1 ++
=

xxy �

즉� ( ) 14
2
1 22 +++= xxxy ( x∈R)�

례�25.�제곱함수�
322

)( −−= mmxxf (m∈Z)의�그라프가� y축에�관하

여�대칭이고� x축,� y축과�사귀는�점은�없다.�

1)�그라프를�보고�함수의�뜻구역,�값구

역을�확정하고�함수의�짝홀성을�밝

혀라.�

2)�함수의�식을�구하여라.�

(풀이)�1)�뜻구역�{ x｜ 0≠x ,� x∈R}�

값구역�{ y｜ 0>y }�

따라서�함수는�짝함수이다.�

2)� 함수가� 1사분구에서는�감소하므로� 0322 <−− mm �즉�

31 <<− m ,�m∈Z이므로�m은�0,�1,�2뿐이다.�그런데�

함수가�짝함수이므로� 1=m 뿐이다.�
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4)( −= xxf �

례�26.�함수� xy alog= ( 0>a ,� 1>x )의�

그라프가�세�점�A,�B,�C를�가진

다.� 그것들의�가로자리표는� m ,�

2+m ,� 4+m 이다.�

1)�△ABC의�면적을�S라고�하면�

S )(mf= 을�구하여라.�

2)�함수�S )(mf= 의�값구역을�구하여라.�

3)�이�함수가�증가함수인가�감소함수인가를�판정하여라.�

(풀이)�1)� BBAA제형S
11
＋ CCBB제형S

11
－ CCAA제형S

11
＝�

＝ [ ])2(loglog ++ mm aa ＋ [ ])4(log)2(log +++ mm aa �

[ ])4(loglog2 ++− mm aa �

＝ )4(log)2(log2 +−+ mmm aa �

＝
)4(

)2(log
2

+
+
mm
m

a ＝ 







+
+

mma 4
41log 2 �

2)� 1>m 이므로� 542 >+ mm 이다.�

5
9

4
411 2 <
+

+<
mm

�

S＝ )(mf 의�값구역은� 







5
9log,0 a 이다.�

3)� 1>m 이므로� mm 42 + 은�증가한다.�

따라서�
mm 4

4
2 +

은�감소한다.�

1>a 이므로�S＝ )(mf 은�감소함수이다.�

례�27.�그라프는�1개�함수의�그라프이고�

그우에�A(－1,�2),�B(0,�4),�C(1,�

3),�D(2,�－1)이�있다.�점�A의�

왼쪽�곡선은�지수함수곡선의�일

부분이고�곡선�AB는�다른�지수

함수�
xac ⋅ ( c :�상수)의�그라프

의�일부분이고�곡선�BCD는�1개�

2차함수의�그라프의�한�부분이고�

점�D의�오른쪽은�로그함수의�일
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부분이다.� )(xf 를�구하여라.�

(풀이)�그라프로부터�함수� )(xf 의�뜻구역은�각각�(－∞,�－1],�[－

1,�0],�[0,�2],�[2,�＋∞)이다.�

(－∞,�－1]에서�
xay =1 로�하고�점�A의�자리표를�대입하면�

21 =−a � � ∴�
2
1

=a �

∴�

x

y 





=

2
1

1 �

[－1,�0]에서�
xacy ⋅=2 로�하고�두�점�A,�B의�자리표를�갈

아넣으면� 4=c ,� 2=a �

∴� ( ) 2
2 224 +== xxy �

[0,�2]에서� cbxaxy ++= 2
3 로�하고�세�점�B,�C,�D의�자

리표를�갈아넣으면�

2
3

−=a ,�
2
1

=b ,� 4=c �

4
2
1

2
3 2

3 ++−= xxy �

[2,�＋∞)에서� xy alog4 = 로�하고�점�D의�자리표를�갈아넣

으면�
2
1

=a �

∴� xy
2
14 log= �

따라서�구하려는�식은�

( )

( )

( )

( )
















∞+∈

∈++−

−∈

−−∞∈







=
+

),2[log

]2,0[4
2
1

2
3

)0,1[2

)1,(
2
1

)(

2
1

2

2

xx

xxx

x

x

xf
x

x

�

례�28.�1)� 12 >>> aba 일�때� balog ,� ablog ,�
b
a

blog ,�
a
b

blog
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들을�작은것으로부터�큰�순서로�배렬하여라.�

2)�
1−n na ,�

n na 1+
�( 0>a ,� 1≠a ,� 1>n )의�크기를�비교

하여라.�

(풀이)�1)� 1>> ab 이므로� 1>
a
b

,� 1<
b
a

�

1>b 이므로�
b
a

a
b

bb loglog > �

1>> ab 이므로� ab bb loglog > ,� 1log0 << ab �

1
log

1
>

ab
�

0log
log

1loglog >−=− a
a

ab b
b

ba �

∴� ab ba loglog > �

0logloglog
2

>=−
b
a

a
ba bbb �

∴�
a
b

b
a

bb loglog > �

크기순서로�배렬하면�

a
a
b

b
a

bbb logloglog << �

2)�
)1(

1

1

1
−

+

−

= nn

n n

n n

a
a
a

,� 0
)1(

1
>

−nn
이므로�

10 << a 일�때�
1−n na ＜

n na 1+
�

1>a 일�때�
1−n na ＞

n na 1+
�

례�29.� x 가�어떤�값일�때�함수�
13

2
29

7
−

−
−

= xxy 의�값이�부가�

아니겠는가?�

(풀이)� tx =3 라고�놓으면�
29 tx = �

∴� 0
1

2
2

7
2 ≥

−
−

− tt
�
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0
)1)(2)(2(

)3)(12(
≤

−+−
−−
ttt

tt
�

0>t 이므로�웃식의�풀이는� ( ]3,21,
2
1

U




∈t �

1
2
1

<≤ t 일�때� 13
2
1

<≤ x
�

∴� 0
2
1log3 <≤ x �

32 ≤< t 일�때� 332 ≤< x
�

∴� 12log ≤< x �

2)Ã련습문제Ã

－Ã선택문제Ã

1.�다음의�매개�관계가운데서�정확한것은�(���)이다.��

A.�임의의�모임�M에�대하여���⊂M�

B.�M＝ { }{ }2,,1 에�대하여�{ }∈2 M�

C.� { }=MMI � � D.�{ } { }0= �

2.�다음의�매개�명제가운데서�서로�같은것은�(���)이다.�

A.�《A⊆B》와�《A∪B＝B》�

B.�《 ∈m A》와�《 ∈m A∪B》�

C.�《 ∈n A∩B》와�《 ∈m B》�

D.�《 ∈p A∩B》와�《 ∈p A∪B�》�

3.�다음의�명제�

1)� 0232 =−+ xmx 은� x에�관한�한변수2차방정식이다.�

2)�포물선� 12 −= kxy 과� x축은�적어도�한개�사귐점을�가진다.�

3)�씨수가�아닌�홀수는�존재하지�않는다.�

4)�서로�포함하는�두개�모임은�서로�같다.�

가운데서�옳은�명제의�개수는�(���)이다.�

A.�0개�������B.�1개�������C.�2개�������D.�3개�

4.�다음�4개�명제가운데서�정확한것은�(���)이다.�

A.�제곱함수의�그라프는�모두�점�(1,�1)과�점�(0,�0)을�지난다.�

B.�제곱함수의�그라프는�4사분구에서�존재하지�않는다.�

C.�
nxy = 에서� 0>n 일�때�함수값은� x가�증가할�때�증가한다.�
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D.�
nxy = 에서� 0<n 일�때�1사분구에서�함수값은� x가�증가할�때�

증가한다.�

5.�함수� 2log )12( −= − xy x 의�뜻구역은�(���)이다.�

A.�(1,�＋∞)����B.�(2,�＋∞)����C.�(1,�2]����D.�(1,�2)�

6.� qp == 5log,3log 32 일�때� qp, 를�리용하여� 5lg 의�값을�표시하

면�(���)이다.�

A.�
22 qp + ����B.� )23(

5
1 qp + ����C.�

pq
pq
+1

����D.� pq �

7.�함수�
2

xx eey
−+

= 의�거꿀함수는�(���)이다.�

A.� )1ln( ++= xxy � � B.� )1ln( 2 −−= xxy �

C.� )1ln( 2 −±= xxy � � D.�존재하지�않는다.�

8.�지수함수�
xaxf )1()( 2 −= 에서� R∈x 일�때�감소함수이면� a 가�취

할수�있는�값범위는�(���)이다.�

A.� 1>a ���B.� 2<a ���C.� 2>a ���D.� 21 << a �

9.�주어진� cba ,, 에�대하여�방정식� 02 =++ cbxax 과�함수
2axy = �

cbx ++ 의�그라프는�그림의�(���)과�같다.�

�

�

�

�

�

�

Ã

－Ã빈칸채우기문제Ã

10.�어떤�명제의�거꿀명제가�《 ∈cba ,, N,� ba, 가운데�적어도�한개

가� c의�배수이라면� ba ⋅ 는�반드시� c의�배수이다.》라고�하면�이�

명제의�안명제는�����이고�기본명제는�����명제(참�또는�거짓)이

며�안명제는�����명제(참�또는�거짓)이다.�

11.�함수� mxy +=
3
1

과� 6−= nxy 이�서로�거꿀함수이면� =m �� �,�

=n ����이다.�

그림�1－15

(A)�

y

x �
(B)

y

x

(C)

y

x
(D)�

y

x �
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12.� 0,10 >><< baa 일� 때�
b

b
b baa

1log,log,1log 의� 크기순서

는�����이다.�

13.�함수�A.�
2xy = �B.�

2−= xy �C.� 3 xy = �D.�
3
xy = 에�대하여�다

음�조건을�만족하는�함수를�모두�표시하여라.�

)()( xfxf −= 를�만족하는�함수는������

)()()( yfxfyxf +=+ 를�만족하는�함수는������

)(
11
xfx

f =







를�만족하는�함수는������

)()()( yfxfxyf ⋅= 를�만족하는�함수는������

14.�함수� 1−−= xy 의�거꿀함수는������

15.�

( )
( )
( )








<
=
>

=
00
0
0

)(

2

x
xe
xx

xf �일�때� [ ]{ }=− )2(fff �����

16.�함수�
)1(

1log 2

2

x
xy a +

−
= 은�(－1,�1)에서�����함수(홀�또는�짝)이다.�

17.�함수� )1,0(742

≠>= +− aaay xx
의�증가구간은�����이고�감소구간

은�����이다.�

－Ã해답문제Ã

18.�A＝{ }01922 =−+− aaxxx �,�B＝{ }1)85(log 2
2 =+− xxx ,�

C＝ { }0822 =−+ xxx 이고�A∩B⊃��,�A∩C＝��일�때� a의�값을�

구하여라.�

19.�A⊂B이면� AB ⊂ 이고�그�거꿀도�성립한다는것을�증명하여라.�

20.�실수� yx, 에�대하여�
22 yx ≠ 이면� yx ≠ 라는것을�증명하여라.�

21.�다음�함수의�그라프를�그려라.�

1)�

x

y 





=
2
3

����2)� )1)(1( xxy −+= ����3)� xxy 212 +−= �

4)� 1log2 += xy �
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22.�함수�
2

4
2 −−
+

=
xx

xy 의�값을�구하여라.�

23.� )()()( bfafabf += 이면�다음것을�구하여라.�

1)� )()( bfaf
b
af −=







�� 2)� )()( anfaf n = �

24.�함수�
21 xxy ++= 의�거꿀함수를�구하여라.�

25.�함수� )6lg(
4

1 2 −−+
+

+−= xx
x

xy 의�뜻구역을�구하여라.�

26.�
+∈Rba, 일�때�

abba baba > 임을�증명하여라.�

3)Ã자체시험문제Ã

－Ã선택문제Ã

1.�함수� )9lg()( 2 −= xxf 의�뜻구역은�M,� )3lg()( += xxg 의�뜻구역

은�N이다.�모임�M과�N의�관계는�(���)이다.�

A.�M∩N＝�������B.�N⊂M�����C.�M＝N�����D.�M⊂N�

2.�함수� 322 ++−= xxy 은�(���)이다.�

A.�최대값을�가진다.� � B.�최소값을�가진다.�

C.�최대값을�가지고�최소값은�없다.�

D.�최대값과�최소값도�가진다.�

3.�함수� mxy m
n

(= 은�0�아닌�짝수,� n은�홀수이고� 0<mn )이면�그의�

대응하는�그라프는�(���)이다.�

�

�

�

�

�

�

�

�

4.�3개의  수  log32, log54,�2
0.3이�주어졌다.�그것들의�크기관계는�

(���)이다. 
A.�log32＜log54＜20.3� � B.�20.3＜log32＜log54�

C.�log54＜log32＜20.3� � D.�log32＜20.3＜log54�

그림�1－16

0�

y �

x �

(B)

y

x

(A)� (C)

y

x 0

y

x �

(D)�

00
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그림�1－17�

y �

x �-3 0� 1�

그림�1－18�

D E�

F�C
N

M�

A�
P�

B�S�

Q�

5.� ( ) 3
1

3 cxbxaxxf −+= 에서� cba ,, 는�상수이다.�이때� ( ) 22 =−f 이

고� ( )2f 는�(���)이다.�

A.�－2�����B.�－6�����C.�－4�����D.�－10�

6.�2차방정식� cbxaxy ++= 2
의�그라프는�다음과�

같다.(그림�1-17)�

식�a ,�b ,�c , cba 2++ ,� cba +− ,� acb 42 − ,�

ba +2 ,� ba −2 들가운데서�정수인것은�(���)이다.�

A.�2개�����B.�3개�����C.�4개�����D.�5개�

－Ã빈칸채우기문제Ã

7.�기본명제의�안명제가�《만일� 062 >−− xx 이면� 3>x �또는� 2−<x
이다.》라고�하면�그의�거꿀명제는�����이고�그의�거꿀안명제는�

�����이다.(참�또는�거짓)�

8.�함수� ( )
1
3

−
+

==
x
axxfy 이고�(3,�7)은� ( )xfy 1−= 의�그라프의�점

이다.� ( )xfy = 의�값구역은�����이다.�

9.�함수�
13

3
+

= x

x

y 의�거꿀함수는�����이고�거꿀함수의�뜻구역은�����이다.�

10.�함수� ( )
542

3
1 −−







=

xx

xf 의�증가구간은�����이고�감소구간은�����이다.�

－Ã해답문제Ã

11.� ( )xf 는�짝함수,� ( )xg 는�홀함수이고� ( ) ( )
1

1
−

=+
x

xgxf 이라고�

하면� ( )xf 와� ( )xg 의�식을�구하여라.�

12.�바른4각형�CDEF의�변의�길이는�4이고�한�모

서리�AFB를�잘라내여�5각형�ABCDE를�얻었

다.�AF＝2,�BF＝1이고�AB에서�한�점�P를�취

하고�P를�지나며�CD,�DE에�평행선을�그어�

직4각형�PNDM을�얻었다.�이�직4각형의�면

적의�최대값을�구하여라.�

13.� ( )R∈= xxf x9)( 일�때� )63(1 +− xf 을�구하여라.�

14.�방정식� ( ) ( ) 2loglog 1
2

1
)1( =− −−

+ xxy 에�맞는�함수식� )(xfy = 를�

구하고�그라프를�그려라.�
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2.Ã식과Ã방정식Ã

1)Ã문제풀이방법Ã

례�1.� 1−+++−−− zyxzxyzxyxyz 을�인수분해하여라.�

(풀이)� 1=x 이면�식의�값이�0이므로�인수� 1−x 을�가진다.�주어진

식이�대칭여러마디식이므로� 1,1 −− zy 도�인수를�가진다.�

따라서�주어진�식은� )1)(1)(1( −−− zyx 을�인수로�가진다.�

적이�3차이므로�적의�나머지�인수는� zyx ,, 를�포함하지�

않는다.�

∴� )1)(1)(1(1 −−−=−+++−−− zyxzyxxzyzxyxyz L �

량변의�곁수를�비교하면�L＝1�

∴�주어진�식＝ )1)(1)(1( −−− zyx �

례�2.� 40323 22 −−++− yyxyxx 을�인수분해하여라.�

(풀이)�주어진�식＝ 40)(32 22 −+−++ yxyxyx �

)5)(8(40)(3)( 2 ++−+=−+−+ yxyxyxyx �

례�3.� 124433334412 2345 +−++− xxxxx �

(풀이)�주어진�식＝
2345 333344441212 xxxxx ++−−+ �









+






 +−






 ++=

++−++=

++−−

+−+−+=

+++−+=

22
2

22

234

22

234

235

89156112)1(

]89)5656(1212)[1(
]33)1(44

1212121212)[1(
)1(33)1(44)1(12

x
x

xx
x

xxx

xxxxx
xxxx

xxxxx
xxxxx

�

y
x

x =+
1

로�놓으면�

2211 2
2

2
2 −=−






 +=+ y

x
x

x
x �

∴�주어진�식＝ ]8956)2(12[)1( 22 +−−+ yyxx �

)136)(52()1(
)655612()1(

2

22

−−+=

+−+=

yyxx
yyxx

�
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







−






 +








−






 ++= 1316512)1( 2

x
x

x
xxx �

)32)(23)(2)(12)(1(
)6136)(252)(1( 22

−−−−+=
+−+−+=
xxxxx
xxxxx

�

례�4.� 12 −x 로�나누면�나머지가� 85 −x 이고� 62 −− xx 으로�나누

면�나머지가� 417 +x 인�3차식을�구하여라.�

(풀이)�구하려는�3차식을� )(xf 라고�하면�

)85())(1()( 2 −++−= xbaxxxf �

여기서� bax + 는� )(xf 를� 12 −x 로�나눌�때의�상이다.�

∴� 8)5()( 23 −−−++= bxabxaxxf �

한편� )417()( +− xxf 는� )2)(3(62 +−=−− xxxx 로�완제

된다.�

)12()12()417()( 23 +−+−+=+− bxabxaxxxf 이므로�





=−−+++−
=−−−−+

01224248
01233927

baba
bbaba

�





=−
=+

42
63

ba
ba

�

∴� 0,2 == ba �

832)85(2)1()( 32 −+=−+−= xxxxxxf �

례�5.� 0
4
17324

2
1 2 =++++−++− ccbaba 일�때� 3c

ab −
의�

값은�얼마인가?�

(풀이)�주어진�식＝ 0
2
17324

2
1 2

=





 +++−++− cbaba 이므로�













=+

=+−
=+−

0
2
1

0732
04

c

ba
ba

�

이여야�한다.�
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이�식을�풀면� 5−=a ,� 1−=b ,�
2
1

−=c �

∴� 2432

8
1

)5(1
3 ==

−

−−−
−=

−
c
ab

�

례�6.�다음�식을�계산하여라.�










+
+

−
−

−
÷









 −
+

+
+

11
1

3

3

3

3

4

4 34 3

a
aa

a
aa

ab
ab

ba
baab

�

(풀이)�주어진�식＝�










+
+

−
−

−
÷









 −
+

+
+

=
11

1
3

3

3

3

4

4 34 3

a
aa

a
aa

ab
ab

ba
baab

�












+
+

−
−
−

÷






 −
+

+
+

=
1

)1(
1

)1(1)(
3

33 2

3

3 23

4

4

a
aa

a
aa

ab
ab

ba
abab

�

[ ]3 233
4

4 )1(1 aaa
ab
abab −+÷







 −
+= �

12 3734

111
baaab

=×= �

례�7.�다음�식을�계산하여라.�

104212 =−+−−+ xxx �

(풀이)�1)� 2−<x 일�때��

108212 =+−−+−− xxx �

1052 =+− x �

2
5

−=x �

2)� 12 <≤− x 일�때�

108212 =+−−++ xxx �

10 =⋅ x �

3)� 41 <≤ x 일�때�

108212 =+−+−+ xxx �

12 −=− x �
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2
1

=x �

)4,1[
2
1
∉ 이므로�버린다.�

4)� 4≥x 일�때�

108212 =−++−+ xxx �

152 =x �

2
15

=x �

따라서�풀이는�






−

2
15,

2
15

�

례�8.� 21 , xx 가�방정식� 032 22 =+− xmx 의�두개의�실수풀이이고�

21 , yy 가�방정식� 0352 =+− nmyy 의�두개의�실수풀이이면�

32,32 2211 =−=− yxyx 이다.� nm, 의�값을�구하여라.�

(풀이)� 6)()(2 2121 =+−+ yyxx �

이제� 0654 2 =−− mm �

0)34)(2( =+− mm �

∴�
4
3,2 −== mm �

한편� 032 22 =+− xma 에서��

D＝ 034 >−m �

4
3

−=m 일�때�D＜0이므로�
4
3

−≠m �

∴� 2=m �

0)()(2 2121 =−−− yyxx �

04)(4)(2 21
2

2121
2

21 =−+−−+ yyyyxxxx �

012251242 24 =−−− nmm �

48161225 42 −=− mnm �

4825612100 −=− n �

9−=n �
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례�9.� x에�관한�다음�방정식을�풀어라.�

1)� 4
51 )25.0(162
x

x −+ = �

2)� )0(10log)1lg(lg
10
4log >⋅−=
− ttx

xx �

(풀이)�1)� 8
20

241 )2(22
x

x
−

−+ ⋅= �

4
11

222 4
541

xx

x
x

+−=+

⋅=
+−+

�

∴� 24,0 21 == xx �

01 =x 은�끼여든�풀이이므로�방정식의�풀이는� 24=x �

2)�
)1lg(lg10log

10
)4(log −=

− t
xx

xx
�

txx

txx

xx t

lg4

lg10
10

4

10
10
)4(

2

1
2

)1lg(lg

=−

=
−

=
−

−

−

�

∴� 0lg42 =+− txx �

D＝ 0lg416 ≥− t �

따라서� 4lg ≤t �또한� 0lg >t 이므로�
4101 ≤< t �

∴� tx lg422,1 −±= �

그런데� 1,04,0 ≠>−> xxx �

∴� 1,40 ≠<< xx �

그리고� 1lg42 =−− t 일�때� t의�값은�
310=t 이다.�

따라서� 10 ≤< t 일�때�방정식은�풀이가�없다.�
3100 << t 일�때�방정식의�풀이�

tx lg42 −±= �

43 1010 ≤< t 일�때�방정식의�풀이� tx lg42 −±= �



�

�32�

례�10.�다음�련립방정식을�풀어라.�









=++−

=−





+








−
−

2lg4)lg()3lg(

06
3
27

3
23

2
22

xyyx

yxyx

�

(풀이)� k
yx

=







−
2

2

3
2

라고�놓으면� 0>k 이다.�

0673 2 =−+ kk �

∴� 0)23)(3( =−+ kk �

3−=k 은� 0>k 이므로�버린다.�

∴�
3
2

=k �

따라서� 22 =− yx 로부터� 22 −= xy �

0)2)(103(
02043
16)23)(2(

2lg4)23lg()2lg(

2

=−+
=−+

=−+
=−++

xx
xx
xx

xx

�

3
10

−=x 은�뜻구역에�맞지�않으므로�버린다.�

따라서�풀이모임은�{ })2,2( 이다.�

례�11.�방정식� 012 =−− xx 의�두�풀이가� βα , 이다.�이때�

1)1(,)(,)( =−== fff αββα 인�2차함수� )(xf 를�구하

여라.�

(풀이)� βααβαββα ≠−===+ ,1,1,1 이다.�

cbxaxxf ++= 2)( 라고�하면�

βα =)(f 이므로�

βαα =++ cba 2
� � ①�

αβ =)(f 이므로�

αβαβ =++ cb2
� � ②�

1)1( =f 이므로�

1=++ cba � � � ③�
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①＋②�

32)( 222 =−+=+ αββαβα 을�리용하면�

123 =++ cba �� � ④�

①－②하고�량변의� βα − 를�없애면�

1−=+ ba �� � � ⑤�

식�③,�④, ⑤로부터� 2,0,1 ==−= cba �

∴� 2)( 2 +−= xxf �

례�12.�다음�련립안같기식을�풀어라.��





−=−+
−=−

②

①

729)7(2
356

ayax
ayax

�

(풀이) ①×2하면�

610122 −=− ayax �

②×a하면�
2729)7(2 aayaaax −=−+ �

( ) ( )
( )( ) ( )( )32743

6197127 22

−+−=−−
−−−=+−

aayaa
aayaa

�

1)� ( )( ) 043 ≠−− aa �즉� 4,3 ≠≠ aa 일�때�

4
27

−
+

−=
a
ay �

이것을�식�②에�갈아넣으면��

a
a
aax 729

4
)27()7(2 −=

−
−−

⋅−+ �

4
)13(5

−
−

=
a
ax �

2)� 3=a 일�때��





=−
=−

842
1263

yx
yx

�

∴�
8

12
4
6

2
3

=
−
−

= �

3)� 4=a 일�때��





=−
=−

132
1763
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∴�
1

17
3
6

2
4

≠
−
−

= �

따라서�풀이모임은�

4,3 ≠≠ aa 일�때�{(
( )

4
27,

4
135

−
+

−
−
−

a
a

a
a

)}�

4,3 ≠= aa 일�때�{ 042),( =−− yxyx }�

4,3 =≠ aa 일�때����

2)Ã련습문제Ã

1.�

2

3
3 1216 






 +=++

x
x

x
x 일�때�

x
x 1
+ 의�값을�구하여라.�

2.� ax − 로�나누면�나머지가�
3a ,� bx − 로�나누면�나머지가�

3b ,� cx −
로�나누면�나머지가�

3c 인� x의�여러마디식가운데서�차수가�가장�낮

은�여러마디식을�구하여라.�여기서� cba ,, 는�서로�다른�상수이다.�

3.�방정식을�풀어라.�

1)�
bx
a

ax
b

a
bx

b
ax

−
+

−
=

−
+

−
� � 2)�







=+

+=++

6
232

22 yx
yxyx

�

3)�
24)12)(8)(3)(2( xxxxx =++++ �

4)� 03453132 =−−−++−+ xxxx �

5)� 1
2

4loglog
2

2 =







−
−

⋅
xa

aa ax �

6)� 6242 )sin1(sin 22

=⋅+ − xx
�

7)�
14322312 2222 −+−+−+ +⋅=+⋅ xxxx xx �

4.�2차방정식� 012)62(2 =+++ xkx 의�두�풀이가�모두�－1보다�큰�실

수로�되는� k의�범위를�구하여라.�

5.�련립방정식�




+=−
−=−

yaax
yax

)4(2
36

를�풀어라.�

그리고�방정식의�한쌍의�풀이� yx, 가�함께�부로�되자면� a가�어떤�

범위의�실수값으로�되여야�하는가?�

6.�세�형제의�나이를�물었다.�첫째에게�물으니�나의�나이는�셋째가�앞

으로�16살�될�때�둘째의�나이와�같다고�한다.�둘째에게�물으니�나
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의�나이는�셋째가�8살�될�때�첫째의�나이와�같다고�하였다.�셋째에

게�형들의�나이를�물으니�자기가�태여날�때�그들의�나이의�합이�10

살이였다고�하였다.�세�형제의�나이를�구하여라.�

7.�11개의�부�아닌�수가�있는데�이�수들가운데서�어느것을�취해도�나

머지�10개의�수들의�합의�2제곱과�같다.�이때�11개의�수들을�구하

여라.�

8.�체적이�20L인�그릇에�알콜이�있는데�여기서�얼마를�퍼내고�그대신�물

을�넣었다.�이런�조작을�한번�더�한�결과�그릇에�순�알콜이�5L�남았

다면�매번�몇L씩�퍼냈는가?�

9.�3대의�양수기�A,�B,�C로�어떤�늪의�물을�퍼내는데�A,�C�각각�한

대로�물을�퍼낼�때의�시간의�합은�B로�퍼낼�때의�시간의�2배이다.�

B,�C로�함께�퍼낼�때의�시간과�A,�B로�함께�퍼낼�때의�시간의�비

는�10：7이다.�이�양수기들의�물빼는�능력의�비를�구하여라.�

10.�어떤�농도의�용액�100L가�있다.�이로부터�10L를�퍼내고�같은�량

의�물을�넣었다.�이와�같은�방법을�되풀이할�때�몇번째만에�용액

의�농도가�처음의�
5
1
이하로�되겠는가?�

11.�900km�떨어진�두�지점�A,�B가�있다.�첫�직승기가�B를�향하여�떠

난�다음�3시간후에�둘째�직승기가�A를�향하여�B를�떠났다.�두�직

승기가�도중에서�만난�때로부터�첫�직승기는�2.5시간,�둘째�직승

기는� 4시간후에�각각�목적지에�도착하였다.�두�직승기의�속도를�

구하여라.�

3)Ã자체시험문제Ã

1.�다음�명제들가운데서�옳은것은�(���)이다.�

A.�반대수가�그�자신과�같은�실수는�0뿐이다.�

B.�거꿀수가�그�자신과�같은�실수는�1뿐이다.�

C.�절대값이�그�자신과�같은�실수는�0뿐이다.�

D.�정의�2차풀이가�그�자신과�같은�실수는�1뿐이다.�

2.� nm, 이�옹근수이면� 035102 =+++ nmxx 과� 035102 =−++ nmxx
은�반드시�(���)이다.�

A.�적어도�한개의�방정식이�옹근수풀이를�가진다.�

B.�모두�옹근수풀이를�가지지�않는다.�

C.�한개의�방정식만�옹근수풀이를�가진다.�

D.�모두�옹근수풀이를�가진다.�

3.� 75 + 의�소수부가� 75, −a 의�소수부가�b이면� =+ bab 5 �����
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4.�포물선� cbxaxy ++= 2
의�정점이�C 






 −

8
25,

4
7

이고�포물선이�점�







 −

8
9,

4
3

를�지나고� x축과�두�점�A,�B에서�사귄다.�점�A는�점�B

의�왼쪽에�있으며�포물선의�대칭축과� x축은�점�D에서�사귄다.� y
축의�정의�반축우에�한�점�N이�있고�△AON과�△CAD가�서로�닮

았다고�할�때�점�N의�자리표를�구하여라.�

5.�다음�방정식을�풀어라.�

1)� 222131 +=−−−+−− xxxxx �

2)� ( )( ) ( )( ) 222 =+++++ bxbaaxba ( ba, 는�실수)�

3)�









=
=++

=++

30
31

10

xyz
zxyzxy

zyx
� � 4)�









=+

=+

97

6
13

22 yx

y
x

x
y

�

5)� zyx
xz
y

zy
x

yx
z

++=
+

=
++

=
++ 11

�

6)�
( )







=+

+=++−

01622

3log11logloglog
2

2222

yxy

yyx
�

7)�
3lglg 11

22

−=− − xx xx
�

6.�인수분해하여라.�

1)� 1510 ++ xx �� � 2)� 40323 22 +−++− yyxyxx �

3)� ( )( ) 222 36765 xxxxx −++++ �

7.�
2

210,
2

210 −
=

+
= yx 일�때�

22 yxyx ++ �및�

3223 yxyyxx +++ 의�값을�구하여라.�

8.� 0333 =++ cba 일�때� ( ) abccba 273 =++ 임을�증명하여라.�
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3.Ã삼각식과Ã삼각함수Ã

1)Ã문제풀이방법 

례�1.�P ( )






 ∈= Z

3
cos kkπ

,�Q ( )






 ∈

−
= Z

6
32sin nn π 일�때�P와�

Q의�관계를�말하여라.�

(풀이)� ( )Z6 ∈= nnk ,� 12cos
3

cos == ππ nk
�

( )Z16 ∈+= nnk ,�
2
1

3
2cos

3
cos =






 +=

πππ nk
�

( )Z26 ∈+= nnk ,�
2
1

3
22cos

3
cos −=






 +=

πππ nk
�

( )Z36 ∈+= nnk ,� ( ) 12cos
3

cos −=+= πππ nk
�

( )Z46 ∈+= nnk ,�
2
1

3
42cos

3
cos −=






 +=

πππ nk
�

( )Z56 ∈+= nnk ,�
2
1

3
52cos

3
cos =






 +=

πππ nk
�

P＝{－1,�－
2
1
,�

2
1
,�1},�Q＝{－1,�－

2
1
,�

2
1
,�1}�

∴�P＝Q�

례�2.�tan 2=α 일�때�다음�식의�값을�구하여라.�

1)� αα cossin � � 2)� ( )2cossin αα + �

3)� αααα 22 cos5cossin3sin2 −− �

(풀이)�1)� 2
cos

 sintan ==
α
αα �

∴� αα cos2sin = �

5
2
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2 =
+

==
α
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2)� ( )  
5
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15tan3tan2 2
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례�3.�간단히�하여라.�
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
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



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



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





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4
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



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−
+






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(풀이)�1)�주어진�식＝�
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


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
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


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
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때�각일�3사분구의�1,�가

424
 4

cossin
cossin4

α
α

αα
αα

�
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
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
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

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





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4
cos

4
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n이 짝수 즉 mmn (2= 은 옹근수)이면 
주어진�식＝�
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
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
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4
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

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
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4
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n이 홀수 즉 mmn (12 += 은 옹근수)이면 
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주어진�식＝�
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



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






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
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



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

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
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

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
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





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례�4.�다음�함수의�뜻구역을�구하여라.�

1)�
225sin xxy −+= �

2)� ( ) 3sin41tanlg 2 −++= xxy �

(풀이)�1)�



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≥
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0sin
2x

x
�

( )




≤≤−
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55
)122

x
kxk ππ

�

즉� 1−=k 일�때�∗ )은� [ ]ππ −−∈ ,2x �

0=k 일�때�∗ )은� [ ]π,0∈x �

1=k 일�때�∗ )은� [ ]ππ 3,2∈x �

�

�

�

�

�

따라서�뜻구역은� [ ] [ ]ππ ,0,5 U−− 이다.�

2)�
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

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





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∈+≠
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












−≤≥
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∈+≠

2
3sin

2
3sin

1tan

Z
2
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ππ

�

따라서�함수의�뜻구역은�
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




 ++


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
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 ++

2
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3
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3
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례�5.�다음�함수의�뜻구역을�구하여라.�

1)�
3sin
1sin2

−
+

=
x
xy � � � 2)� xxy sin4cos31 2 ++= �

3)�
1tantan
1tantan

2

2
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=
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xxy �

(풀이)�1)� 1sin23sin +=−⋅ xyyx �

∴�
2

31sin
−
+
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y

yx �

1sin ≤x 이므로� 1
2

31
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−
+
y

y
�
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2
3

<≤− y �

따라서�함수의�뜻구역은� )2,
2
3[− 이다.�
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3

16
3
2sin3sin4sin131

2
2 +






 −−=+−+= xxxy �

3
2sin =x 일�때�

3
16

=y ,� 1sin −=x 일�때� 3−=y �

따라서�함수의�뜻구역은� 



−

3
16,3 이다.�

3)� ( )Rtan ∈= ttx 라고�하면�

1
1

2

2

++
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=
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( ) ( ) ( ) 0111 2 =++−+− ytyty �

1≠y 일�때�

( ) ( )( ) 01141D 2 ≥+−−−= yyy �

∴� 0523 2 ≤−+ yy �

1
3
5

<≤− y �

1=y 일�때� ( ) ( ) ( ) 0111 2 =++−+− ytyty 은�풀이를�가

진다.�

따라서�함수의�뜻구역은�[－
3
5
,�1)이다.�

례�6.�다음�함수의�주기를�구하여라.�

1)� 







+−=
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23sin πππ xxy �

2)�
7
2cot

5
sin xxy += �
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

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






+






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( )232
5
2
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4

2
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2
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−
=









−

=

π

π
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5

sin x 의�주기는� x
7
2cot,10

5
1

2 ππ
= 의�주기는� ππ

2
7

7
2
=  

따라서� π10 와� π
2
7

의�최소공통배수는� π70 이다.�

∴� =T π70 �

례� 7.� ( )xf1 의� 주기는� ( )xfp 2,α=1T 의� 주기는� αq=2T 이

다.( qp, 는�자연수이고� ( ) α,1, =qp 는�정의�실수)�

1)� αpq 는�함수� ( ) ( ) ( )xfxfxf 21 += 의�주기라는것을�증명

하여라.�
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2)�1)을�리용하여� ( ) xxxf 5cos3sin += 의�주기를�구하여라.�

(풀이)�1)� ( ) ( ) ( )ααα pqxfpqxfpqxf +++=+ 21 �
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�

따라서� αpq 는 함수 ( )xfy = 의 주기이다. 
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2
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(3,�5)＝1�

따라서� ( )xf 의�주기는� ππ 2
15
235 =⋅⋅ 이다.�

례�8.� αα αα tanlogcotlog sincos < 일�때�α 의�값범위를�구하여라.�
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례�9.� 

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코시누스함수는� 







2
,0 π

에서�감소하므로�
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례�10.�다음�함수의�그라프를�그려라.�

1)� 1sin 2 −= xy �

2)� xxy costan ⋅= �

3)� ( )xy sincos= �

(풀이)�1)� xxy 22 cos1sin −=−= �
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∴� 0cos =x �
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
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그림�3－4�
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xy sin= 의�주기는� π2 이므로�주어진�함수의�주기는�

π2 이다.�한편�

( ) ( ) xxxx costancostan =−− �

이므로�주어진�함수는�짝함수이다.�
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(),0[ πππ Ukx∈ 에서� y축에�관하
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1cos 까지�감소한다.�

례�11.� x가�4사분구의�각일�때�함수�
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례�13.� ( ) ( )αααα +°−°= 60sin60sinsin43sin 를�증명하여라.�

(증명)� ααα 3sin4sin33sin −= �









+








−= ααα sin

2
3sin

2
3sin4 �

그림�3－5�

0�π�

2�
－�

π

2�
3π
2�

x

y

π� 2π
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( )( )ααα sin60sinsin60sinsin4 +°−°= �







 −°






 +°






 −°






 +°=

2
30sin

2
30cos

2
30cos

2
30sinsin16 ααααα

( ) ( )ααα +°−°= 60sin60sinsin4 �

례�14.�1)� °⋅°⋅°⋅° 70cos50cos30cos10cos 의�값을�구하여라.�

2)� ⋅°⋅°⋅°⋅°⋅° 47tan33tan27tan13tan7tan �

°=°⋅°⋅°⋅°⋅ 63tan87tan73tan67tan53tan �

를�증명하여라.�

(풀이)�1)�주어진�식＝�

( ) ( )°+°⋅°−°⋅°⋅°= 1060cos1060cos10cos30cos �

( )
16
3

2
3

4
1103cos

4
130cos

2

=







⋅=°×°= �

2)�왼변＝�

( ) ( )⋅°⋅°⋅°⋅°⋅°⋅°= 67tan13tan47tan73tan7tan53tan �

( )°⋅°⋅°⋅ 87tan27tan33tan
( ) ( ) ( )°×⋅°×⋅°×= 273tan133tan73tan

( )°−°⋅°⋅°= 99180tan39tan21tan
( ) ( )°+°⋅°⋅°−°−= 3960tan39tan3960tan
( ) ( ) =°=°−°−=°×−= 63tan63180tan393tan 오른변 

례�15.� θθθ eccossec22sec = 를�리용하여�

θθθ 22 sececcosec2cos −= �

임을�증명하여라.�

(증명)�조건으로부터�

θθθ sincos
2

2cos
1

= �

즉� =1
θθ
θ

sincos
2cos2

�

량변을� θ2sin 로�나누면�

θθθ
θ

θ sincos2sin
2cos2

2sin
1

=
θθ

θ
22 cossin

2cos
= �

θθ
θθ

22
22 sececcos

cos
1

sin
1

−=−= �
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례�16.� ( ) =++−++ γβαγβα sinsinsinsin �

2
sin

2
sin

2
sin4 γαγββα +++

= �

임을�증명하여라.�

(증명)�왼변＝ ( ) ( )[ ]γβαγβα ++−++ sinsinsinsin �

2
sin

2
cos2

2
cos

2
sin2 γβαγγβγαβαβα −−−+++

+
−+

= �





 ++

−
−+

=
2

2cos
2

cos
2

sin2 γβαβαβα
�





 −−+
−

+
=

2
sin

2
sin2

2
sin2 γβγαβα

�

2
sin

2
sin

2
sin4 γαγββα +++

= ＝오른변�

례�17.�다음�함수의�최대값과�최소값을�구하여라.�

1)� 





 ++= xxy

3
coscos π

�

2)�
1tancot

tancosec
22

22

−+
−

=
xx
xxy �

3)� xxxxy cossin2cossin ++= �

4)� xxy 3cossin= �

(풀이)�1)� xxxy sin
3

sincos
3

coscos ππ
−+= �







 +=−=

6
cos3sin

2
3cos

2
3 πxxx �

1cos ≤x 이므로�함수의�최대값은� 3 ,�최소값은� 3−
이다.�

2)�
1tancot

tancos
22

22

−+
−

=
xx
xxecy

1tan
tan

1

tan
tan

11

2
2

2
2

−+

−+
=

x
x

x
x �
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( )
1tantan

1tantan2
24

24

+−
+−−

=
xx
xx 1

4
3

2
1tan

2
2

2

−

+





 −

=

x
�

따라서� 0
2
1tan 2 =−x 일�때� y 는�최대값�

3
51

3
42 =−×

를�가진다.�

즉�
2
1tan 2 =x 일�때�함수의�최대값은�

3
5
이고�최소값은�

없다.�

3)� ( ) ( ) 1cossincossin 2 −+++= xxxxy �

1
4

sin2
4

sin2
2

−













 ++






 +=

ππ xx �

1
4

sin2
4

sin2 2 −





 ++






 +=

ππ xx �

4
5

4
2

4
sin2

2

−







+






 +=

πx �

1sin ≤x 이므로� 함수의� 최대값은� 1＋ 2 ,� 최소값은�

4
5

− 이다.(여기서�1－ 2 는�최소값이�아니다.)�

4)�량변을�2제곱하면�

xxy 622 cossin= ( )322 sin1sin xx −= �








 −







 −







 −
=

3
sin1

3
sin1

3
sin1sin27

222
2 xxxx �

1
3

sin1
3

sin1
3

sin1sin
222

2 =
−

+
−

+
−

+
xxxx (상수)�

이므로�
3

sin1sin
2

2 xx −
= 일�때�

2y 은�최대값을�가진다.�

즉�
4
1sin 2 =x 일�때�

2y 의�최대값은�
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4

33
2

4
3

4
11

4
1

=





 −=y �

즉�
16

33
±=y 이다.�

따라서�함수의�최대값은�
16

33
,�최소값은�－

16
33
이다.�

례�18.�다음�함수들의�최대값,�최소값을�구하여라.�

1)� 13 −−−= xxy �

2)� 1
1
2

1 2

2

2
+

+
−

+
=

x
x

x
xy �

(풀이)�1)� x가�취할수�있는�값범위는��













∈=

2
,0sin3 2 πθθx �

1sin3sin33 22 −−−= θθy 1sin3cos3 −−= θθ �

1
4

sin23 −





 −= θπ

�





∈

2
,0 πθ 이므로� 



−∈






 −

4
,

44
ππθπ

�

44
πθπ

=− �즉� 0=θ 일�때�

131
2

16max −=−⋅=y �

44
πθπ

−=− �즉�
2
πθ = 일�때�

13min −−=y �

2)� x가�취할수�있는�값범위가� R∈x 이므로��















−∈=

2
,

2
tan ππθθx �

1
tan1

tan2
tan1

tan
2

2

2
+

+
−

+
=

θ
θ

θ

θy �
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그림�3－6�

D�

E�

F�

C�

G�

A

B

θ
θ

θ

θ
2

2

2 tan1
tan1

tan1
tan

+
−

+
+

=
θ
θ

θ
θ

2

2

tan1
tan1

sec
tan

+
−

+= �

θθ 2cossin += θθ 2sin21sin −+= �

8
1

16
1sin

2
1sin2 2 +






 +−−= θθ

8
1

4
1sin2

2

+





 −−= θ �

4
1sin =θ 일�때�주어진�함수는�최대값�

8
1
을�가지고�최소

값은�없다.�

례�19.�변의�길이가� a인�바른4각형�ABCD가�있다.�E는�BC의�한

점이고�BE＝
3
a
,�F는�DC의�연장선의�한�점이고�CF＝

2
a
이

다.�AE와�BF가�사귀는�점을�G라고�할�때�G는�바른4각형�

ABCD의�외접원둘레에�놓인다는것을�증명하여라.�

(증명)�∠AEB＝α ,�∠CBF＝ β ,�∠AGB＝ 





 <<

2
0 πθθ �

직3각형�ABE에서�

3

3

tan ===
a
a

BE

ABα �

직3각형�BCF에서�

2
12tan ===

a

a

BC

CFβ �

1

2
131

2
13

)tan(tan =
⋅+

−
=−= βαθ �

∴�
4
πθ = �

한편�∠ACB＝
4
π
이므로�G는�활등�AB에�있다.�
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그림�3－7�

D�

E�

F�

C�

A�

B�

례� 20.�△ABC에서� AB＝2,� AC＝ 3 ,���

∠A＝
4
π
이다.�점�A를�지나며�∠A

안으로�직선을�긋고�S△ABD�＝S△AEC

되게�B,�C에서�그�직선에�수직선을�

그어�밑점을�D,�E라고�하자.�점�A

를�지나며� AD와�각�
4
π

를�이루는�

직선을�AD에�관하여�AB와�같은쪽�

에�긋고�B에서�그�직선에�수직선을�그어�그�밑점을�F라고�

할�때�

1)�S△AFB와�S△ABD의�비를�구하여라.�

2)�DF의�길이를�구하여라.�

(풀이)�1)�∠A＝
4
π
,�∠FAD＝

4
π
이므로�

∠CAD＝∠BAF＝α �

직3각형�BAF와�직3각형�CAE에서�

AF＝AB αcos⋅ ,�AE＝AC αcos⋅ �

S△AFB:S△ABD＝S△AFB:S△AEC�

⋅=
2
1

AB·AF·sinα : ⋅
2
1

AC·AE·sinα �

＝2·AF: 3 AE�

＝2·2 αcos : 3 · 3 αcos ＝4:3 
2)�네�점�A,�F,�B,�D가�한�원둘레에�있으므로�이�원의�직

경은�AB이다.�점�D,�F를�맺으면�시누스정리에�의하여�

2

4
sin

== AB
DF

π
�

∴�DF＝ 2 �

례�21.�△ABC에서�

2
cos2 Abca =+ � � � ①�

( )baac +=2
� � � � ②�

일�때� cba ,, 의�크기순서를�정하고�∠A의�값을�구하여라.�
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(풀이)�식�②로부터�

abac =− 22
�

코시누스정리와�
222 cos2 bbcac -A=− 으로부터�

2cos2 bbcab -A= �

즉� bca -Acos2= � � � � (＊)�

식�(＊)에�의하여� CA coscos acb += 를�갈아넣으면�

( )CA-A coscoscos2 acca += �

CA coscos ac −= �

시누스정리 
CA sinsin
ca

= 에�의하여�웃식은�

sinA＝sinC·cosA－sinA·cosC＝sin(C－A)� � ③�

식�②로부터� ac > �

∴� >°180 C＞A�

식�③으로부터�A＝C－A�즉�

C＝2A,�B＝ °180 －3A�

식�①을�변형하면�

sinA＋sin2A＝2sin( °180 －3A)cos
2
A
�

＝2sin3A·cos
2
A
�

즉�2sin3A·cos
2
A
＝2·2sin

2
3A

cos
2

3A
cos

2
A
�

sin
2

3A
cos

2
A 0≠ 이므로�1＝2·cos

2
3A

이고�

2
3A

＝ °60 �

∴�A＝ °40 ,�C＝ °80 ,�B＝ °180 － °120 ＝ °60 �

∴� cba :: ＝sin °40 :sin °60 :sin °80 �

따라서� cba ,, 의�크기관계는� cba << 이다.�

∠A＝ °40 �

2)Ã련습문제Ã

－Ã선택문제Ã

1.�각� θ 의�시작변과� x축의�정의�반축이�일치하고�끝변은�점�
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P( tt 3,4− )( 0,R ≠∈ tt )를�지난다고�하면�2sinθ ＋cosθ 의�값

은�(���)이다.�

A.�
5
2
������B.�－

5
2
������C.�－1� ( )0>t �또는�1 ( )0<t �

D.�
5
2 ( )0>t �또는�－

5
2 ( )0<t �

2.� ( )Z
2

∈≠ kkπα ,�M
αα
αα

cotcos
tansin

+
+

= 일�때�M의�값은�(���)이다.�

A.�부값�����B.�부�아닌�값�����C.�정수값�

D.�정일수도�있고�부일수도�있다.�

3.� ( ) xxf 2sincos = 일�때� ( )xf sin 는�(���)와�같다.�

A.� x2sin �����B.� x2cos �����C.�－ x2cos �����D.�－5 x2sin �

4.� παπ 2
2

3
<< 일�때�

( )
2

cos1 απ −−
의�값은�(���)이다.�

A.�cos
2
α
������B.�sin

2
α
�����C.�－cos

2
α
�����D.�± sin

2
α
�

5.�함수� xxy cossin += 의�값구역은�(����)이다.�

A.�[－1,�2]����B.�[1,� 2 ]����C.�[－2,�2]����D.�(0,�2)�

6.�다음�세가지�조건�

1)�구간� 







2
,0 π

에서�증가�

2)�주기는�π �

3)�짝함수�

를�만족하는것은�(���)이다.�

A.� xy tan= ���B.�
xy cos10−= ���C.� xy sin= ���D.� xy sin= �

7.�tan a=°100 일�때�cos °20 의�값은�(���)이다.�

A.�
1
1

2

2

+
−

a
a

� B.� 2

2

1
1
a
a

+
−

� C.� 21
2
a
a

+
� D.�± 2

2

1
1
a
a

+
−

�

8.� πβα =+2 일�때� αβ sin6cos −=y 의�최대값과�최소값은�(���)이다.�

A.�
2

11,7 −== 최소최대 yy � � B.�
2

11,5 −== 최소최대 yy �

C.� 5,7 == 최소최대 yy � � � D.� 5,7 −== 최소최대 yy �
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－Ã빈칸채우기문제Ã

9.�함수� xxy eccoscot= 의�뜻구역은�������

10.�함수�
x

xxy
cos

cos3cos −
= 의�값구역은�������

11.�함수� xxy 44 sincos −= 의�주기는�������

12.�함수� =+= xxy cossin A ( )ϕ+xsin 에서�

A＝�����（A＞０）,�ϕ＝����� 





 ≤≤−

22
πϕπ

�

함수� =+= xxy cossin B ( )α+xsin 에서�

B＝�����（B＜０）,�α ＝����� ( )πα ≤≤0 �

13.�tan x＋tan 





 − x

4
π

＋tan x ·tan 





 − x

4
π

＝������

－Ã해답문제Ã
14.�다음�같기식을�증명하여라.�

( )
( )2

2

2

2

cot1
tan1

cot1
tan1

x
x

x
x

−
−

=
+
+

�

15.�다음�식을�간단히�하여라.�

°−−°

°°−

170cos110cos
10cos10sin21

2
�

16.�다음�함수의�주기를�구하여라.�

1)� xxy 66 cossin += �

2)�

2
sin

1
4

tan
x

xy −= �

17.�
4

0 π
<< x ,�

4
3

4
ππ

<< y ,�
13
5

4
3sin =






 + xπ

,�
5
3

4
cos =






 − yπ

일 

때 ( )yx +sin 의 값을 구하여라.�

18.�sinA＋sin3A＋sin5A＝ a ,�cosA＋cos3A＋cos5A＝b일�때�다음

의�식을�증명하여라.�

1)� ≠b 0일�때�tan3A＝
b
a
� � 2)� ( ) 2222cos21 ba +=+ A �



�

�56�

19.� ( ) 





 ≤≤≤−−+=

2
0,022sin2cos2 πxmmxmxxf 이다.�

1)� x가�어떤�값일�때� ( )xf 가�최대값을�가지겠는가?�

2)� ( )xf 의�값이�늘�0보다�작으면�m이�취할수�있는�값범위는�얼

마인가?�

20.�함수� ( ) baxxaxaxf ++−= cossin32sin2 2
의�뜻구역은� 





2
,0 π

,�

값구역은�[－5,�1]일�때�상수� ba, 를�구하여라.�

21.�수표를�리용하지�말고�다음의�값을�구하여라.�

1)�sin243°＋cos273°＋sin43°cos73°�

2)� °+
°

10tan
50cos

1
�

3)Ã자체시험문제Ã

－Ã선택문제Ã

1.�P＝ ( )






 ∈Z

3
cos mmπ

,�Q＝
( ) ( )







 ∈

− Z
3

32sin nn π
일�때�P와�Q의�

관계는�(���)이다.�

A.�P⊂Q������B.�P⊃Q������C.�P＝Q������D.�P∩Q＝�

2.�함수� 





 +=

3
2sin3 πxy 의�그라프는� xy 2sin3= 의�그라프를�다음

과�같이�평행이동하여�얻는다.�이때�정확한것은�(���)이다.�

A.�오른쪽으로�
3
π
만큼�평행이동�

B.�왼쪽으로�
3
π
만큼�평행이동�

C.�오른쪽으로�
6
π
만큼�평행이동�

D.�왼쪽으로�
6
π
만큼�평행이동�

3.� =y A ( )ϕω +xsin 가�한주기안에서� =x
3
π
일�때�최대값�2를�가지고�

0=x 일�때�최소값�－2를�가진다면�함수의�식은�반드시�(���)이다.�
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A.�
2

3sin2 xy = � � � B.� 





 +=

22
3sin2 πxy �

C.� 





 −=

22
3sin2 πxy � � D.� 






 −−=

22
3sin2 πxy �

4.�다음�안같기식가운데서�정확한것은�(���)이다.�

A.�sin3＜cot(－3)＜cos3� B.�cos3＜sin3＜cot(－3)�

C.�cot(－3)＜cos3＜sin3� D.�cot(－3)＜sin3＜cos3�

－Ã빈칸채우기문제Ã

5.�각�α 의�끝변의�한�점�P의�자리표가�( tt 2,− )( 0≠t )일�때�

ααα sectansin 의�값은������이다.�

6.� xxy tancot −= 의�주기는������이다.�

7.�함수� ( ) 3tan13tan 2 −++−= xxy 의�뜻구역은������이다.�

8.�함수� xxxxy 22 sincossin6cos5 ++= 의�값구역은������이다.�

－Ã해답문제Ã

9.�sinA＝b sinB,�a tanA＝tanB ( )1≠a 일�때�sinA의�값을�구하여라.�

10.�함수� xxy ππ sincos −= [ ]( )1,1−∈x 의�그라프를�그려라.�

11.�함수�
xx

xxy
cossin1

cossin
++

= 의�최대값과�그�최대값을�취할�때� x 의�

값을�구하여라.�
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4.Ã거꿀삼각함수와Ã삼각방정식Ã

1)Ã문제풀이방법Ã

례�1.�다음의�식들가운데서�의미를�가지지�않는것은�(���)이다.�

A.�arcsin
4
π
�� � B.�arctan

2
π
�

C.�arccos
3
π
�� � D.�arccot0�

(풀이)�C�

arccos x 의�뜻구역은�[－1,�1]이다.�그런데� 1
3
>

π
이므로�

arccos
3
π
는�무의미하다.�

례�2.�다음�식들의�값을�계산하여라.�

1)�sin(arcsin
2
3
)� � 2)�cos(arccos

a
a
2
12 +
)(a＞0)�

3)�arcsin(sin
5
7π

)� � 4)�arcsin(cos
7
6π

)�

5)�arctan(cot
5
14π

)� � 6)�arccos(cos8)�

7)�arcsin(sin10)�

(풀이)�1)� [ ]1,1
2
3

−∈ 이므로�

sin(arcsin
2
3
)＝

2
3
�

2)� ( )0212 >≥+ aaa 이므로�
a

a
2
12 + 1≥ �

따라서� 1=a 일�때�
a

a
2
12 +
＞1,�cos(arccos

a
a
2
12 +
)은�존

재하지�않는다.�

3)�arcsin(sin
5
7π

)＝arcsin[sin )
5
2( ππ + ]�
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＝arcsin(－sin
5
2π

)�

＝－arcsin(sin
5
2π

)＝－
5
2π

�

4)�arcsin(cos
7
6π

)＝arcsin[sin(
7
6

2
ππ

− )]�

＝arcsin[sin
14
5( π

− )]＝
14
5π

− �

5)�arctan(cot
5
14π

)＝arctan[cot )2
5
14( ππ

− ]�

＝arctan(cot
5
4π

)＝arctan[cot )
10
3

2
( ππ

+ ]�

＝arctan[tan )
10
3( π

− ]＝
10
3π

− �

6)�arccos(cos8)＝arccos[cos(8－ π2 )]＝8－ π2 �

7)�arcsin(sin10)＝arcsin[sin( π3 －10)]＝ π3 －10�

례�3.� xy sin= 











∈

2
3,

2
ππx 의�거꿀함수를�여러가지�방법으로�

풀어라.�

(풀이)�이�문제는�3가지�방법으로�풀수�있다.�

1)�단위원법(그림�4－1)�

[ ]( )1,0
2

,
2

arcsin ∈



−∈ xx ππ

이므로�

,0[arcsin ∈x �
2
π
]은�정의�각이다.�

�

�

�

�

�

�

�

�

arcsin x∈[0,�
2
π
]�−π arcsin x

x

arcsin x∈[-
2
π
,�0]�

그림�4-1

x∈[0,�1]�

x∈[-1,�0]�−π arcsin x

0

y
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그림�4－2�

0-1 1� x �

y

-arcsin x

−π arcsin x

π�
2�

π�
2�
-�

3�
2�
π�

따라서� xy sin= 의� 





2
3,

2
ππ

에서의�거꿀함수는� 



 ππ ,

2
에�있다.�

xy arcsin−= π 로�표시할�때� )0,1[−∈x 이면�

xarcsin 



−∈ 0,

2
π

은�부의�각으로�된다.�

따라서� xy sin= 의� 





2
3,

2
ππ

에서의�거꿀함수는� 





2
3, ππ

에�있다.�

이것을� xy arcsin−= π 로� 표시하면� ]1,1[−∈x 일� 때�

xy sin= 의� 





2
3,

2
ππ

에서의�거꿀함수는�

−= πy xarcsin 이다.�

2)�치환법�

xt −= π 라고�하면� ∈x 





2
3,

2
ππ

이므로�





 −∈

2
,

2
ππt �

tx −= π 를�주어진�식에�갈아넣으면�

( ) ttxy sinsinsin =−== π �

를�얻는다.�

∴� yt arcsin= �즉�

yx arcsin=−π �

따라서� yx arcsin−= π �즉�

xy arcsin−= π �

3)�그라프법(그림�4-2)�

[ ]( ,1,1arcsin −∈= xxy �









−∈

2
,

2
ππy 의� 그라프는�

y 축에� 관하여� xarcsin− 의�

그라프와� 대칭이다.� 그리하여�

웃쪽으로�π 만큼�평행이동하면�
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xy arcsin−= π 의�그라프를�얻는다.�

이것은� xy sin= 의� 





2
3,

2
ππ

에서의�거꿀함수의�그라프

이다.�

례�4.�다음의�값들을�계산하여라.�

1)�sin(
2
1
arccos

8
1
)�

2)�sin(2arctan
3
1
)＋cos(arctan 32 )�

(풀이)�1)�
2
1
arccos

8
1 α= 라고�하면�

cos 













∈=

2
,0

8
1 παα �

sin(
2
1
arccos

8
1
)= sin

2
α
�

4
7

2
8
11

2
cos1

=
−

=
−

=
α

�

2)�arctan
3
1 α= ,�arctan 32 β= 라고�하면�

tan
3
1

=α ,�tan 32=β 





 ∈ )

2
,0(, πβα �

cos
13
13

1tan
1
2

=
+

=
β

β �

∴�sin(2arctan
3
1
)＋cos(arctan 32 )＝sin α2 ＋cosβ �

＝ β
α

α cos
tan1
tan2

2 +
+

�

＝
65

13539
13
13

9
11

3
2

+
=+

+
�
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례�5.�함수� =y cos(2arcsin x )＋2sin(arcsin x )의�최대값과�최소

값을�구하여라.�

(풀이)�arcsin α=x 라고�하면�sin 











−∈=

2
,

2
ππαα x �

∴� =y cos(2arcsin x )＋2sin(arcsin x )�
αα sin22cos += �

( )11
2
3

2
12

122
sin2sin21

2

2

2

≤≤−+





 −−=

++−=

+−=

xx

xx
αα

�

2
1

=x 일�때�
2
3

=최대y �

1−=x 일�때� 3−=최소y �

례�6.�크기를�비교하여라.�

1)�arcsin x와�arccos x �
2)�arccos ( )x−1 와�arccos x2 �

(풀이)�1)�arcsin x－arccos x＝arcsin x－(
2
π
－arcsin x )�

＝2arcsin x－
2
π
�

2arcsin x－
2
π
＞0�즉�arcsin x＞

4
π
일�때� 1

2
2

≤< x �

2arcsin x－
2
π
＝0�즉�arcsin x＝

4
π
일�때�

2
2

=x �

2arcsin x－
2
π
＜0�즉�arcsin x＜

4
π
일�때�

2
21 <≤− x �

∴� 1
2
2

≤< x 일�때�arcsin x＞arccos x �

2
2

=x 일�때�arcsin x＝arccos x �
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2
21 <≤− x 일�때�arcsin x＜arccos x �

2)�먼저�두�식이�의미를�가지는� x의�값들을�고찰하자.�







≤≤−

≤≤
⇒





≤≤−
≤−≤−

2
1

2
1

20

121
111

x

x

x
x

�

∴�
2
10 ≤≤ x �

y＝arccos x는�뜻구역에서�감소함수로�되므로��







≤≤

>−

2
10

21

x

xx
�즉�

3
10 <≤ x 일�때 

arccos ( )x−1 ＜arccos x2 �







≤≤

=−

2
10

21

x

xx
�즉�

3
1

=x 일�때 

arccos ( )x−1 ＝arccos x2 �







≤≤

<−

2
10

21

x

xx
�즉�

2
1

3
1

≤< x 일�때��

arccos ( ) >− x1 arccos x2  

례�7.�함수�
x
xxy

+
−

+=
1
1arctanarctan 가�주어졌다.�이�함수의�뜻구

역과�값구역을�구하여라.�

(풀이)�뜻구역은� 1−≠x 인�모든�실수�즉�

tan ( )ππ <<−=
+
+

=

+
−

−

+
−

+
= y

x
x

x
xx

x
xx

y 1
1
1

1
11

1
1

2

2

�

∴�
4

3π
−=y �또는�

4
π

=y �즉�값구역은�






−

4
,

4
3 ππ

이다.�
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례�8.�1)�arcsin
5
3
＋arcsin

17
15

를�간단히�하여라.�

2)�arccos 





−

14
11

－arccos
7
1
＝

3
π
임을�증명하여라.�

(풀이)�1)�arcsin
5
3 α= ,�arcsin

17
15 β= 라고�하면�

17
15sin,

5
3sin == βα 이고� 






∈






∈

2
,

3
,

2
,

6
ππβππα �

cos
5
4

=α ,�cos
17
8

=β 를�구할수�있다.�

∴�sin(arcsin
5
3
＋arcsin

17
15

)＝sin ( )βα + �

＝ βαβα sincoscossin + �

＝
17
15

5
4

18
7

5
3

×+× ＝
85
84

�







∈






∈

2
,

3
,

2
,

6
ππβππα 이므로�

∴� 





∈+ ππβα ,

2
�

∴�arcsin
5
3
＋arcsin

17
15

＝ −π arcsin
85
84

�

2)�왼변에�코시누스를�취하면�

=







−






−

7
1arccos

14
11arccoscos �























−=

7
1arccoscos

14
11arccoscos �























−+

7
1arccossin

14
11arccossin �

2
1

7
34

14
35

7
1

14
11

=⋅+⋅





−= �
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7
1arccos

14
11arccos >






− 이므로�







∈−






−

2
,0

7
1arccos

14
11arccos π

�

∴�
2
1arccos

7
1arccos

14
11arccos =−






− �

즉�
37

1arccos
14
11arccos π

=−





− �

례�9.�다음 삼각방정식을 풀어라. 

1)� 01sin2 2 =−x �� � 2)� 03
6

cos4 2 =−





 −

πx �

3)� 01
3
45tan3 2 =−
°−x

�� 4)� 322cot 2 =+x �

(풀이)�1)� 01sin2 2 =−x 에�대하여�

2
2sin ±=x �

를�얻는다.�풀이모임은�

( ) ( )








∈−+= Zkkxx k

4
1 ππ �

2)� 03
6

cos4 2 =−





 −

πx 으로부터�

2
3

6
cos ±=






 −

πx �

을�얻는다.�

∴�
6

2
6

πππ
±=− kx ,�

6
52

6
πππ

±=− kx �

따라서�풀이모임은�

( ) ( ){ }ZZ ∈=








∈+= kkxxkkxx πππ 2
3

2 U �

( ) ( ){ } ( )








∈−=∈+= ZZ kkxxkkxx
3

212 πππ UU �
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3)� 01
3
45tan3 2 =−
°−x

으로부터�

3
3

3
45tan ±=
°−x

,�
63

45 ππ ±=
°− kx

�

를�얻는다.�

42
3 πππ +±= kx �

따라서�풀이모임은�

( ) ( )








∈−=








∈+= ZZ kkxxkkxx
4

3
4
33 ππππ U �

4)� 322cot 2 =+x 으로부터�

( )12cot −±=x �

을�얻는다.�

따라서�풀이모임은� ( )








∈±= Zkkxx
8

3ππ 이다.�

례�10.�방정식� 1cos32sin2 2 −=− axx 이�모두�실수풀이를�가지는�

실수�a의�값범위를�구하여라.�

(풀이)�먼저�방정식을�변형하면�

( ) ( ) 0cos2cossin4sin1 22 =++−− xaxxxa �

( ) ( ) 02tan4tan1 2 =++−− axxa �

R∈xtan 이므로�

D ( )( ) 021416 ≥+−−= aa �

즉� 062 ≤−+ aa �

풀이는� 23 ≤≤− a �

(다른�풀이)�주어진�방정식을�변형하면�

1
2

2cos132sin2 −=
+

⋅− axx �

122cos32sin4 +=⋅− axx �

( ) 122sin5 +=− ax ϕ �

( )
5

122sin +
=−
ax ϕ �

방정식은�실수풀이를�가지므로�



�

� 67�

1
5

121 ≤
+

≤−
a

�

풀이는� 23 ≤≤− a 이다.�

례�11.� 0≠a 이고� 1≠a 일�때�방정식�

( ) 0sin1sin 22 =+⋅+− axaxa �

은�[ π2,0 )에서�두개의�풀이를�가진다는것을�증명하고�그�

풀이들을�구하여라.�

(풀이)�주어진�방정식을�

( )( ) 0sin1sin =−− axxa �

으로�변형하면�

ax =sin �또는� ( )01sin ≠= a
a

x �

을�얻는다.�

1<a 일�때� ax =sin 는�풀이를�가지며�
a

x 1sin = 은�풀이를�

가지지�않는다.�[ π2,0 )에서� 10 << a 이면�

axax arcsin,arcsin 21 −== π �

01 <<− a 이면�

axax arcsin2,arcsin 21 +=−= ππ �

1>a 이면� ax =sin 는�풀이를�가지지�않으며�
a

x 1sin = 은�풀

이를�가진다.�[ π2,0 )에서� 1>a 이면�

a
x

a
x 1arcsin,1arcsin 21 −== π �

1−<a 이면�

a
x

a
x 1arcsin2,1arcsin 21 +=−= ππ �

0≠a 이고� 1≠a 일�때�방정식은�[ π2,0 )에서�두개의�풀이

를�가진다.�

례�12.�방정식� 01cossincossin =−⋅++ xxxx 을�풀어라.�

(풀이)�이�방정식의�상수마디가�1로�되면�인수분해할수�있다.�그러

나�－1이면�인수분해할수�없으므로�변수대입법을�리용한다.�
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txx =+ cossin ,�
2

1cossin
2 −

=⋅
txx �

01
2

12

=−
−

+
tt �

( )( ) 013,0322 =−+=−+ tttt �

∴� 3,1 −== tt �

즉� 1cossin =+ xx �또는� 3cossin −=+ xx (버린다.)�

그러면� 1
4

sin2 =





 +

πx �

2
1

4
sin =






 +

πx �

∴�
4

2
4

πππ
+=+ kx �또는�

4
32

4
πππ

+=+ kx �

방정식의�풀이는� πkx 21 = ,� ( )Z∈+= kkx
2

22
ππ �

례�13.�다음�방정식들을�풀어라.�

1)� ( ) ( )xx lgsinlgcos = � 2)� 12sinlog 2cos =xx �

(풀이)�1)� tx =lg 라고�하면�

2
sincos tt = �

2
sin

2
sin21 2 tt

=− �

01
2

sin
2

sin2 2 =−+
tt

�

01
2

sin1
2

sin2 =





 +





 −

tt
�

2
1

2
sin =
t

�또는� 1
2

sin −=
t

�

∴�
6

52,
6

2
2

ππππ ++= kkt
�또는�

2
2 ππ −k �

∴�
3

54,
3

4 ππππ ++= kkt �또는� ππ −k4 �
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즉� 3
4

10
π

π +
=

k
x �또는� 3

54
10

π
π +k

�또는�
( )π1410 −k ( )Z∈k �

2)�주어진�방정식을�다음과�같이�고칠수�있다.�














 +∈

=
⇒









=
≠>

>

2
2,22

12tan

2cos2sin
12cos,02cos

02sin
πππ kkx

x

xx
xx

x
�
















 +∈

+=
⇒

4
,

82
πππ

ππ

kkx

kx
�

주어진�방정식의�풀이는�

82
ππ

+=
nx ( )Z∈n �

례�14.�1)�sinA－cosA
2
2

= cos °10 －
2
3
sin °10 를�만족시키는�최

소의�뾰족각�A의�값을�구하여라.�

2)�방정식� ( )0
sin
cos

cos
sin

≠
+
+

=
+
+ ab

axb
bxa

axb
bxa

을�풀어라.�

(풀이)�1)�주어진�방정식의�왼변을�

( ) ( )[ ]AA −°+°=°− 4590cos245sin2 �

( )A−°= 135cos2 �

로�변형하고�오른변을�

( )°+°=







°−° 6010cos210sin

2
302 1cos

2

1
�

°= 70cos2 �

로�변형한다.�

∴� ( ) °=−° 70cosA135cos  
∴� °±=−° 70A135 ,�A＝ °65 �또는� °205 �

A＝ °65 는�최소의�뾰족각이다.�

2)�방정식을�변형하면�

( )( ) ( )( )bxaaxbaxbbxa ++=++ coscossinsin �
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( ) xababxbaxab 2222 cossinsin =+++ �

( ) abxba +++ cos22
�

( ) ( )[ ] 0cossincossin 22 =+++− xxabbaxx �

이로부터� 0cossin =− xx ,� 1tan =x ,�
4
ππ += kx �

ab
baxx
22

cossin +
−=+ �

abba 222 ≥+ ,� 0≠ab 이므로�

2
22

≥
+

−
ab
ba

�

따라서�이�방정식의�풀이는�없다.�

따라서�주어진�방정식의�풀이는�
4
ππ += kx ( )Z∈k �

2)Ã련습문제Ã

1.�다음�식들의�값을�구하여라.�

1)�arccot0＋arccot(－1)�� 2)�arctan0＋arctan(－1)�

3)�arcsin(sin
3
2π

)� � � 4)�arccos[cos(－
5
7π

)]�

5)�arccos(sin
10
13π

)�� � 6)�arctan(cot
3
π
)�

2.�거꿀삼각함수를�리용하여�다음�조건에�맞는�각을�구하여라.�

1)�sin 





 <<= ππ xx
23

1
� 2)�sin 






 <<−=

2
3

4
1 ππ xx �

3)�cos 





 <<−= 0
23

2 xx π
� 4)�cos 






 <<−=

2
3

3
3 ππ xx �

5)�tan 





 <<=

2
3

3
5 ππ xx � 6)�cot 






 <<−−= 0
22

1 xx π
�

3.�다음�함수들의�뜻구역과�값구역을�구하여라.�

1)� =y 2arcsin x2 � � � 2)� =y
2
1
arccos x3 �
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3)� =y 3arctan
3
x
� � � 4)� =y 2arcsin ( )

4
23 π

+− x �

5)� =y
2
1
arccos

24 x− �� 6)� =y
2
π
＋arctan

2
2
−x

�

7)� =y xarcsin � � � 8)� =y
xarctan

1
�

4.�다음�식들의�값을�구하여라.�

1)�sin(2arcsin
5
3
)� � � � 2)�sin(

2
1
arcsin

5
3
)�

3)�cos(2arccos
3
2
)�� � � 4)�cos(

2
1
arccos

5
4
)�

5)�sin(arcsin
4
1
＋arccos

4
1
)� � 6)�cos(arccos

7
3
＋arccos

11
9
)�

7)�tan(arctan
6
5
＋arctan

8
3
)�

5.�다음�함수들의�거꿀함수를�구하여라.�

1)� =y
2
1
arcsin4 x �� � 2)� =y +π arctan

2
x
�

6.�다음�식들을�증명하여라.�

1)�arccos
13
5
＋arcsin

13
12

＝
2
π
�

2)�arccos
3
2
－arccos

632
16 π
=

+
�

3)�2arctan
5
1
＋arctan

4
1
＝arctan

43
32

�

4)�cos(2arctan x )＝ 2

2

1
1
x
x

+
−

� � 5)�cos(
2
1
arccos x )＝

2
1 x+

�

6)�2arcsin x＝arccos ( ) ( )121 2 ≤− xx �

7.�다음�방정식들을�풀어라.�

1)�sin x2 ＝cos x2 －4sin2 x＋1��

2)�2sin2 x＋cos2 x＝4－5sin x cos x �
3)�8sin2 x＋3sin x－4＝0�
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4)� xxx
xx

x cossin21
4

cos2
cossin
2sin

+=





 −−

+
π

�

5)�tan( tx + )(cos2 x－
3
1
)＝sin2 x �

6)� xxx cos2sin1sin1 =−−+ �

3)Ã자체시험문제Ã

－Ã선택문제Ã
1.�다음�식에서�뾰족각은�(���)이다.�

A.�arccos[cos(－
3
2π

)]
3
2π

−= �

B.�arctan(cot x )＝ 













−∈

2
,
2

ππxx �

C.�sin(arcsin
3
π
)＝

3
π
�������D.�arcsin(sin

4
π
)＝sin(arcsin

4
π
)�

2.�구간� 



− 1,
2
3

에서�함수� xy = 와�같은�함수는�(���)이다.�

A.� =y arccos(cos x )� ��B.� =y arcsin(sin x )�
C.� =y sin(arcsin x )� ��D.� =y cos(arccos x )�

3.�함수� =y arcsin(tan x )의�뜻구역은�(���)이다.�

A.�
44
ππ

≤≤− x � � B.� ( )Zkkxk ∈+≤≤−
44
ππππ �

C.� ( ) ( )Zkkxk ∈−+≤≤+
4

1
4

ππππ �

D.� ( )Zkkxk ∈+≤≤−
4

2
4

2 ππππ �

4.�다음�모임에서�방정식�sin x＝sin
5
4π

의�풀이모임이�아닌것은�(���)이다.�

A.� ( ) ( )








∈−+= Zkkxx k

5
1 ππ �

B.� ( ) ( )








∈−+= Zkkxx k

5
41 ππ �
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C.� ( ) ( )








∈−+= Zkkxx k

5
4arcsin1 ππ �

D.� ( )








∈+=+= Z또는 kkxkxx
5

42    
5

2 ππππ �

5.� a＝arcsin 





−

3
1

,�b＝arctan ( )2− ,� c＝arccos 





−

3
2

사이의�크

기관계는�(���)이다.�

A.� cba << ����B.� bca << ����C.� cab << ����D.� acb << �

6.�arcsin(cos2)는�(���)와�같다.�

A.� 2−π �����B.� π−2 �����C.� 2
2
−

π
�����D.�

2
2 π
− �

7.�arctan <x arccot x의�풀이모임은�(���)이다.�

A.� 





 ∞+,

4
π

����B.� ( )1,∞− ����C.� ( )∞+,1 ����D.� ( )0,∞− �

8.�arccos 1>x 이면� x의�값범위는�(���)이다.�

A.�[－1,�cos1)���B.�[－1,�0)���C.�(0,�1]���D.�(cos1,�1]�

9.�방정식�sin x＋cos x＝ k 가�[0,�π ]에서�두개의�풀이를�가지면� k
의�값범위는�(���)이다.�

A.� 22 <<− k � � B.� 21 ≤≤− k �

C.� 20 <≤ k �� � D.� 21 <≤ k �

10.� ( ) 4arcsin4arcsin 2 ++= xxy 의�최소값은�(���)이다.�

A.�0�� B.�1�� C.� 42
4

2

++ ππ
� D.� 42

4

2

+− ππ
�

－Ã해답문제Ã

11.�1)� 10 ≤≤ x 일�때� xxy arcsin1arcsin +−= 를�구하여라.�

2)� 0≠x 이면�
x

xy 1cotarctan arc−= 을�계산하여라.�

3)�방정식�sin x5 ＋sin x＝3cos x2 를�풀어라.�

12.�함수� ( )xxy −= 2arcsin 의�뜻구역과�값구역을�구하여라.�

13.�방정식� 0cos2sin 224 =+− axx 이�풀이를�가질�때� a의�값을�구

하고�방정식의�풀이를�구하여라.�
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5. 안같기식 

1) 문제풀이방법 

례�1.� x에�관한�안같기식�

( ) aaxxa 32313 −>−+ �

를�풀어라.�

(풀이)�보조변수가�들어간�안같기식을�풀�때에는�안같기식의�기본

성질에�따라�풀이의�범위를�고찰하여야�한다.�

주어진�안같기식을�변형하면�

( ) ( )axa −>+ 133 �

①� 3−>a 일�때�풀이모임은�
( )









+
−

>
3

13
a
axx �

②� 3−=a 일�때� 120 >⋅ x (모순)�� ∴� ∈x �

③� 3−<a 일�때�풀이모임은�
( )









+
−

<
3

13
a
axx �

례�2.� x에�관한�안같기식�

022 2 >++mxx �

을�풀어라.�

(풀이)�한변수2차안같기식의�풀이는�한변수2차방정식의�풀이를�구

하는것으로�얻을수�있다.�

D 02242 ≥⋅⋅−= m 일�때�즉� 4≥m �또는� 4−≤m 일�때�방

정식� 022 2 =++mxx 은�두개의�풀이�

4
162

2,1
−±−

=
mmx �

를�가진다.�

①� 4±=m 일�때�주어진�안같기식의�풀이모임은�

( )








∈−≠ R
4
xmxx �

②� 4>m �또는� 4−<m 일�때�주어진�안같기식의�풀이모임은�











 −−−

<










 −+−

>
4

16
4

16 22 mmxxmmxx U �

③� 44 <<− m 일�때�풀이모임은�{ }R∈xx �
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례�3.�안같기식� 0
2

12
2 >

−−
−
xx
x

을�풀어라.�

(풀이)�분수안같기식에�대한�풀이는�련립안같기식으로�일반화하여�

푼다.�

주어진�안같기식은�다음과�같이�바꿀수�있다.�





>−−

>−

02
012

2 xx
x

� � � (1)�

또는�




<−−

<−

02
012

2 xx
x

� � � (2)�

식�(1)로부터�풀이는� 2>x �

식�(2)로부터�풀이는�
2
11 <<− x �

따라서�주어진�안같기식의�풀이모임은�

{ }








<<−>
2
112 xxxx U �

례�4.�안같기식� xxx 2522 >+−− 를�풀어라.�

(풀이)�①�
2
5

−<x 일�때�

xxx 2522 >++− �

∴� 7<x �

풀이모임은�








−<
2
5xx �

②� 2
2
5

≤≤− x 일�때�

xxx 2522 >−−− �

∴�
5
3

−<x �

풀이모임은�








−<≤−
3
5

2
5 xx �

③� 2>x 일�때�

xxx 2522 >−−− �
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3
7

−<x �

풀이모임을�가지지�않는다.�

따라서�주어진�안같기식의�풀이모임은�








−>
5
3xx 이다.�

례�5.�안같기식� xx lg31lg −<− 를�풀어라.�

(풀이)�무리안같기식은�련립안같기식으로�만들어�풀이를�구한다.�

주어진�안같기식은��

( ) 







>+−

<
≥

⇒








−<−

>−
≥−

010lg7lg
1000
10

lg31lg

0lg3
01lg

22 xx
x
x

xx

x
x

�









><

<
≥

⇒

 10 100
1000
10

5xx
x
x

또는

�

따라서�주어진�안같기식의�풀이모임은�{ }10010 >≤ xx 이다.�

례�6.�안같기식� 1
2
1 5

4loglog 2

5
13

<













 −x

을�풀어라.�

(풀이)� 1
2
10 << 이므로�지수함수의�성질에�의하여�

0
5
4loglog 2

5
13 >






 −x �

이고�3＞1이므로�로그함수의�성질에�의하여�

1
5
4log 2

5
1 >






 −x �
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따라서�안같기식의�풀이모임은�
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
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
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−<<− 1
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52
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례�7.�안같기식� ( )111 372 2

≠<− +− xx xx
을�풀어라.�

(풀이)�주어진�방정식은�







<+−

>−







>+−

<−

0372
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0372
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22 xx

x
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x
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으로�변형할수�있다.�즉�
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
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



>−−
≠<< <

0312
2

0312
)1(20

xx
x

xx
xx x 0��또는

�또는� �

따라서�주어진�안같기식의�풀이모임은�

2
10 << x �또는� 32 << x �

례�8.� 0,0,0 >>> cba 이고� 1=++ cba 일�때�

1)� 8111111
≥






 −





 −





 −

cba
�

2)� 5141414 <+++++ cba �

임을�증명하여라.�

(증명)�1)�왼변 ≥
+

⋅
+

⋅
+

=
−

⋅
−

⋅
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=
c
ba

b
ca

a
cb

c
c

b
b

a
a 111

�

==⋅⋅≥ 8222
c
ab

b
ac

a
bc

오른변�

따라서�안같기식� 8111111
≥






 −





 −





 −

cba
이�성립한다.�

2)�왼변 141414 +++++= cba �

( ) ( ) ( ) <⋅++⋅++⋅+= 114114114 cba �

2
114

2
114

2
114 ++

+
++

+
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<
cba

�

( )
===

+++
= 5

2
10

2
64 cba

오른변�

따라서�안같기식� 5141414 <+++++ cba 가�성립한다.�
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례�9.�1)� 0>> ba 일�때�

( ) 31
≥

⋅−
+

bba
a �

임을�증명하여라.�

2)�
+∈Rcba ,, 일�때�

2
3

≥
+

+
+

+
+ ba

c
ac
b

cb
a

�

임을�증명하여라.�

(증명)�1)�왼변 ( ) bba
a

⋅−
+=

1 ( ) ( ) bba
bba

⋅−
++−=

1
�

0>> ba ,� ba > 이므로�

( ) 0>− ba �

∴�왼변 ( ) ( ) ( ) ( )
3

131
bba

bba
bba

bba
⋅−

⋅−≥
⋅−

++−= �

== 3 오른변�

따라서�안같기식�

3
)(

1
≥

⋅−
+

bba
a �

이�성립한다.�

2)�안같기식을�변형하여�

3
2
3111 +≥+

+
++

+
++

+ ba
c

ac
b

cb
a

�

이�성립한다는것을�증명하면�된다.�
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+
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+
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
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
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오른변�

따라서� 안같기식�
2
9111 ≥+

+
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+
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+ ba
c

ac
b

cb
a

가�

성립한다.�

즉�주어진�안같기식�
2
3

≥
+

+
+

+
+ ba

c
ac
b

cb
a

이�성립한다.�

례�10.�
2
10 << a 일�때�

A
21 a−= ,�B

21 a+= ,�C
a−

=
1

1
�

사이의�크기를�비교하고�그�리유를�설명하여라.�

(풀이)�
2
10 << a 이므로�
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
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을�증명하여라.�

(증명)�1)�
1
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2

1
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>
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=
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kk −+= 1 �
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11 ++++= L �
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444 3444 21
개n

( )=−+= 112 n 오른변�

따라서�주어진�안같기식�

( )1121
3

1
2

11 −+>++++ n
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L �

이�성립한다.�
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개

�

따라서�주어진�안같기식이�성립한다.�

례�12.� ba, 가�실수이고� 1,1 2222 =+=+ yxba 일�때�

1≤+ byax �

임을�증명하여라.�

(증명)� ( )( )2222 yxba ++ 22222222 xbyaybxa +++=  

( )22222 2 byaxabxyybxa +=++≥  

따라서� 1≤+ byax 이�성립한다.�

(다른�방법)� ββαα cos,sin,cos,sin ==== yxba 라고�하면�

왼변= βαβα coscossinsin ⋅+⋅=+ byax �

( ) =≤−= 1cos βα 오른변�

례�13.�안같기식�

)0(1 >+<++++ aaaaaa L �

�

을�증명하여라.�

(증명)�(수학적귀납법)�

1)� 1=n 일�때� 1+< aa 이�성립한다.�

2)� kn = 일�때�안같기식�
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44 344 21
개k

444 3444 21
개1+k

1+<+++ aaaa L �

이�성립한다고�하자.�

1+= kn 일�때��

=++<++++ aaaaaa 1L �

1)1(11)( 22 +=+<+⋅+= aaaa �

즉� 1+= kn 일�때도�안같기식이�성립한다.�

따라서�주어진�안같기식이�성립한다.�
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식�①,�②,�③을�더하면�주어진�안같기식이�성립한다.�

례�15.�부채형의�둘레의�길이가�L이다.�부채형의�중심각이�얼마일�

때�면적이�최대로�되겠는가?�

(풀이)�부채형의�중심각이�θ이고�반경이�R라고�하면�

L＝2R＋Rθ �

∴�R＝
θ+2

L
�

부채형의�면적은�

θ
θ

θ
2

2

2
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1R

2
1S 








+
== �

θθ
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+
⋅=

2
1

)2(2
L2

�

그런데�
2
1

)2(2
2

2
1

)2(2
=

+
+

=
+

+
+ θ

θ
θθ

θ
이므로�

16
L

4
1LS

22
2 =






⋅≤ �

즉�
θθ

θ
+

=
+ 2

1
)2(2

일�때�즉� 2−=θ 일�때�부채형의�면적이

최대이다.�

즉�S최대＝ 16
L2

�

2)Ã련습문제Ã

－Ã선택문제Ã

1.� 0<< ba 일�때�옳은것은�(���)이다.�

A.� ba < � � B.� ba 2
1

2
1
< �

C.�
ab
11

< �� � D.�이외의것은�옳지�않다.�

2.�안같기식� 10lg 2 <x 의�풀이모임은�(���)이다.�

A.{ }100 << xx � � � � � B.�{ }10<xx ��

C.�{ }100   010 <<<<− xxx 또는 � D.�{ }0110 <<− xx ��
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3.� R∈x 일�때� 0)1()1( >−⋅− xx 의�필요충분조건은�(���)이다.�

A.� 1<x �����B.� 1>x �����C.� 1<x �����D.� 1,1 ≠−> xx �

4.� 



∈ 27,
9
1x 일�때� ( ) xxxf 3log

27
log 33 ⋅= 의�최대값은�(���)이다. 

A.�12�����B.�5�����C.�－4�����D.�3�

5.� ∈ba, R－일�때�다음의�안같기식이�성립하는것은�(���)이다.�

A.� baba −<+ � � B.� baba −>+ �

C.� baba −<+ � � D.� baba −>+ �

6.� ∈x R에�대하여�다음의�안같기식이�성립하는것은�(���)이다.�

A.� ( ) xx 2lg1lg 2 ≥+ �� B.�
2

arcsin
2

ππ
≤≤− x �

C.� 442 ≥+x � � � D.� 1
1

1
2 <
+x

�

7.�안같기식�
( ) ( )
( )( ) 0

43
21 32

≤
−−
+−
xx
xx

의�풀이는�(���)이다.�

A.� 2−≤x �또는� 43 ≤≤ x � B.� 2−≤x �또는� 43 << x �

C.� 2−<x �또는� 43 << x � D.� 2−≤x �또는� 43 << x �또는� 1=x �

8.�안같기식� 02 <++ cbxax 의�풀이모임이���이면�(���)이다.�

A.� 0>a 이고� 042 >− acb � � B.� 0>a 이고� 042 <− acb �

C.� 0<a 이고� 042 >− acb � � D.� 0<a 이고� 042 ≤− acb �

－Ã빈칸채우기문제Ã

9.�3개의�수�
4
5log,

7
6,

5
4

4
3

4
3

4
3

















−

의�크기순서는������

10.�안같기식� 02 >++ babxax 의�풀이모임이�{ }32 << xx 이면�

a＝���� =b, �����

11.�안같기식� xx 2
2
12 >− 의�풀이모임은������

12.� 0>≥ ba 이면� ba
a
11 loglog +

π

����
ba +

2log2 π  

13.�방정식� 0)2lg(2 22 =−+− aaxx 이�하나의�정수풀이와�하나의�실
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수풀이를�가지면�실수�a의�값범위는������

14.�안같기식�

xx 2
22 loglog8

3
1

81
1







>








+

의�(0,�1)에서의�풀이는������

15.� 618 2 =++
xyx

yx 이고� 0,0 << yx 이면� =x ����,� =y �����

16.� π20 ≤≤ x 일�때�안같기식� 01sinsin2 2 <−− xx 의�풀이모임은�������

－Ã해답문제Ã

17.�안같기식� xaax +<+ 21 를�풀어라.�

18.�안같기식� 2log22loglog 22
2
2 −>−+ xxx 를�풀어라.�

19.� R∈x 에�대하여� )23lg( 2 +++ aaxax 가�늘�뜻을�가지도록� a 의�

옹근수풀이를�구하여라.�

20.� 0>>> cba 일�때� 3)(
cba

cba abccba
++

>⋅⋅ 임을�증명하여라.�

21.� 2, >∈ nn N 일�때� 1)1(log)1(log <+− nn nn 을�증명하여라.�

22.� cba ,, 가�△ABC의�세�변이라고�하면�

c
c

b
b

a
a

+
>

+
+

+ 111
�

임을�증명하여라.�

23.� 0,0,0 ≥≥≥ zyx 일�때�

zyxzyzyyxyx ++≥+++++ 2222
�

임을�증명하여라.�

24.� ∈zyx ,, R＋이고� 1=++ zyx 이면�

64111111 ≥





 +







+






 +

zyx
�

라는것을�증명하여라.�

3)Ã자체시험문제Ã

－Ã선택문제Ã

1.� hyx 2<− 는� hayhax <−<− , 의�(���)이다.�

A.�필요조건� � � B.�충분조건�

C.�필요충분조건� � D.�그외는�아니다.�
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2.� ∈ba, R＋일�때�안같기식� b
x

a −>>
1

는�(���)이다.�

A.� 01
<<− x

b
�또는�

a
x 10 << � � B.�

b
x 1

−< �또는�
a

x 1
> �

C.� 01
<<− x

a
�또는�

b
x 10 << � � D.�

b
x

a
11

<<− �

3.�안같기식� 0
2

1lg ≥
− x

의�풀이모임은�(���)이다.�

A.�{ }21 <≤ xx � � B.�{ }21 ≤≤ xx �

C.�{ }1≥xx � � � D.�{ }2−≠xx �

4.� παπ
<<

2
이고� αα 2sinlgsinlg1 >−x 라고�하면� x 의�값범위는�

(���)이다.�

A.� 1−<x �� � � � B.� 3>x �

C.� 1−<x �또는� 3>x � � D.� 31 <<− x �

5.� ∈ba, R－일�때�안같기식이 성립하는것은 (���)이다.�

A.� 2−≤+
a
b

b
a

�� � B.� 02 ≤+≤−
a
b

b
a

�

C.� 2−≥+
a
b

b
a

�� � D.� 20 ≤+≤
a
b

b
a

�

－Ã빈칸채우기문제Ã

6.�안같기식� 111 >−−+ xx 의�풀이모임은�����이다.�

7.�함수� ( )1log
2
1 −= xy 의�뜻구역은�����이다.�

8.� 안같기식� 022 >++ bxax 의� 풀이모임이�








<<−
3
1

2
1 xx 이면�

=a ����,� =b ����이다.�

9.�전체모임이�E=R이고�A { }0232 <++= xxx ,�B { }022 =+= xxx 이

면� =BA I ����이다.�

10.�
1

3
1

3
1 2log

2
1log −>







x

일�때� x의�값은�����이다.�
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－Ã해답문제Ã

11.�포물선� 322 −−= xxy 이�직선� 4+= xy 의�아래에�놓이도록� x의�

범위를�구하여라.�

12.�다음의� x에�관한�안같기식을�풀어라.�

1)� ( )0
1

>> aaa xx
�

2)� ( )1loglog 22 >< aax xa �

13.�함수� ( ) xxf
2
1log= 에�대하여�안같기식�

( ) ( )






 +

≥
+

22
2121 xxfxfxf

21 ,( xx 은�모두�정수)�

임을�증명하여라.�

14.� 1623 22 =+ yx 일�때�
22 yx + 의�최대값을�구하여라.�

15.� x에�대한�안같기식을�풀어라.�

1)� ( )01 222 >+<+ −+ aaaa xxx
�

2)� ( ) ( ) ( )1,0log1log 1 ≠>>+ + xxxx xx �
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6. 수렬과 수학적귀납법 

1) 문제풀이방법 

례�1.�수렬� 160lg ,� 80lg ,� 40lg ,� 20lg ,�…,� 12
160lg −n ,�…이�주어졌

을�때��

1)�일반마디가� na 이라고�하면� na
nb 10= 으로�된�수렬� { }nb

은�같은비수렬이라는것을�증명하여라.�

2)�수렬� { }na 에서�몇개의�마디들의�합이�최대로�되며�최대

값은�얼마인가?�

3)�수렬�{ }na 의� n째�마디까지의�합이�부수일�때�최소인�마

디의�개수는�몇개인가?�

(풀이)�1)� na
nb 10= 이므로� L,20,40,80,160 4321 ==== bbbb �

∴�

n

n

n

n bb 





×=






×= +

−

2
1160,

2
1160 1

1

,�

2
11 =+

n

n

b
b

(상수)�

따라서�{ }nb 은�같은비수렬이다.�

2)� 0≥na �즉� 0
2
1160lg

1

≥

















×

−n

이라고�하자.�

82216021
2
160 711

1 ≤⇒≤⇒≤⇒≥ −−
− nnn
n �

따라서�{ }na 에서�8째�마디까지의�합이�최대이며�

S8 2lg48 += �

3)�S 0<n �즉� 0
2

2
1160lg160lg

<
⋅














 +⋅ nn

이라고�하면�

0
22

1lg160lg 1 <⋅+ −

nn n �

( ) 02lg
2
1160lg <⋅

−
−

nnn �
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64.15
2lg

29 ≈+>n �

따라서� 16=n 일�때�S 0<n 인�최소마디수이다.�

례�2.�수렬�{ }na 에서�n째�마디까지의�합이�

S cbacbnann ,,(2 ++= 는�상수)�

라고�하면�수렬�{ }na 이�같은차수렬이기�위한�필요충분조건은�

0=c 이라는것을�증명하여라.�

(풀이)�충분성.� 0=c 으로부터�S bnann += 2
은�같은차수렬이다.�

공식�

( )
( )

( )
( ) ( )




≥−+
=+

⇒




≥−
=

=
− 22

1
2
1

1

1

naban
nba

n
n

a
nn

n
SS

S
�

( )aban −+= 2 �

으로부터�

( ) aabnaabanaa nn 21221 =+−−−−+=− − (상수)�

따라서�{ }na 은�같은차수렬이다.�

필요성.�{ }na 이�같은차수렬이면� 0=c 이다.�공식�

( )
( ) ( )




≥−+=−
=++

=
− 22

1

1 naban
ncba

a
nn

n
SS

�

baabaa
cbaa

+=−+=
++=

342

1

�
baa += 53 �

{ }na 은�같은차수렬이므로�

0221223 =⇒+=⇒−=− ccaaaaaa �

따라서� { }na 이�같은차수렬이기�위한�필요충분조건은� 0=c
이다.�

례�3.�4개의�수가�있다.�여기서�첫�3개의�수는�같은비수렬을�이루고�이�

수들의�적은�216이다.�뒤로부터�3개의�수는�같은차수렬을�이루

며�이�수들의�2제곱의�합은�56이다.�이�4개의�수를�구하여라.�

(풀이)�첫�3개의�수는�같은비수렬을�이루고�뒤로부터�3개의�수는�



�

� 89�

같은차수렬을� 이루므로� 4개의� 수를� 각각� ,,, aqa
q
a

�

aaq −2 로�놓을수�있다.�조건�

( ) ②

①

  562

216

2222 =−++

=⋅⋅

aaqqaa

aqa
q
a

�

로부터 식 ①에서� 6=a 을�얻어�식�②에�갈아넣으면�
3
2

1 =q �

또는�
15
2

2 =q 를�구한다.�

따라서�4개의�수는�9,�6,�4,�2�또는�45,�6,�
5
4
,�

5
22

− 이다. 

례�4.�두개의�서로�다른�정수� ba, 사이에� n개의�수� nxxx ,,, 21 L

을�끼워넣었을�때�다음의것을�증명하여라.�

1)� bxxxa n ,,,,, 21 L 가�같은차수렬을�이루면�

n
xxxba n+++

=
+ L21

2
�

2)� bxxxa n ,,,,, 21 L 가�같은비수렬을�이루면�

n
nxxxab ⋅⋅⋅= L21 �

(증명)�1)�수렬� bxxxa n ,,,,, 21 L 의�공통차를�d 라고�하면�

ndaxdaxdax n +=+=+= ,,2, 21 L �

( )dnab 1++= �

∴� ( )[ ] ( )dnadnaaba
2

11
2
1

2
+

+=+++=
+

�

또한�

( )
=

++++
=

+++
n

dnna
n

xxx n LL 2121 �

( )
dna

n

dnnna

2
12

1
+

+=

+
+

= �
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∴�
n

xxxba n+++
=

+ L21

2
�

2)�수렬� bxxxa n ,,,,, 21 L 의�공통비를� 0>q 이라고�하면�

12
21 ,,,, +==== nn

n aqbaqxaqxaqx L �

2
1

121
+

++ =⋅=⋅=
n

nn aqqaaqaab �

그리고� n nnn
n qaxxx +++⋅=⋅⋅⋅ LL 21

21 �

( )
2

1
2

1 ++

=⋅=
n

n
nn

n aqqa �

∴� n
nxxxab ⋅⋅⋅= L21 �

례�5.�수렬� LL ,lg,,lg,lg 21 nxxx 이�같은차수렬이다.�이�수렬의�

m째�마디는� k 이고� k 째�마디는� ( )mkm ≠ 이다.�수렬� ,1x �

LL ,,,2 nxx 의�첫� mk + 째�마디의�합을�구하여라.�

(풀이)�같은차수렬의�공통차를� d라고�하면�

1

2
12 lglglg

x
xxxd =−= �

조건으로부터� mxkx km == lg,lg �

즉� ( ) m
x
xkxxk =−+=

1

2
1 lg1lglg �� ①�

( ) k
x
xmxxm =−+=

1

2
1 lg1lglg �� ②�

②－①하면�

( )
1

2lg
x
xkmmk −=− �

그러면� 1lg
1

2 −=
−
−

==
km
mk

x
xd �

∴� ( )( )11lg 1 −−+= mxk �

즉� 1lg 1 −+= mkx �

따라서�같은차수렬� LL ,lg,,lg,lg 21 nxxx 은� 1−+ mk ,�

2−+ mk ,� 3−+ mk ,�…,� nmk −+ ,�…이다.�
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따라서�수렬 { }nx 은 LL ,10,,10,10 21 nmkmkmk −+−+−+
이다.�

즉�첫마디가�
110 −+mk
이고�공통비는�

110−
인�무한감소수렬이다.�

∴�S ( )110
9
1

−= +
+

mk
mk �

례�6.�△ABC에서�tanA는�3번째�마디가�－4이고�7번째�마디가�4

인�같은차수렬의�공통차이다.�tanB는�3번째�마디가�
3
1
이고�

6번째�마디가�9인�같은비수렬이다.�

1)�△ABC는�뾰족3각형이라는것을�증명하여라.�

2)�이�3각형의�가장�짧은�변의�길이가�1일�때�최대인�변을�

구하여라.�

(풀이)�1)�조건� 4Atan)37(4 =−+− ,� 9Btan
3
1 3 = 으로부터�풀이

는� 3tan,2tan == BA �

)](tan[tan BAC +−= π �

BA

BA
AB

tantan1
tantan)tan(
⋅−

+
−=+−= �

1
321

32
=

×−
+

−= �

∴�
o45C =∠ �

그런데�

Atan Btan,02 >= 03 >= ,�0＜A,�B＜ °180 �

이므로�A,�B는�뾰족각이다.�

따라서�△ABC는�뾰족3각형이다.�

2)� 탕겐스함수는� 







2
,0 π

에서� 증가함수이므로 ∈CB,A, �









2
,0 π

이고� BAC tantantan << �

따라서� ∠ C는�최소,� ∠ B는�최대�즉� ∠ B에�대응하는�

변�b는�최대이다.�

또한� 1tan,3tan == CB 이므로�

2
2sin,

10
3sin == CB �
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시누스정리로부터�

5
5
3

sin
sin

⋅=
⋅

=
C

Bcb �

는�가장�큰�변이다.�

례� 7.�수렬� { }na 의� 첫� n 째� 마디까지의� 합이� nS 이고� 11 =a ,�

),3,2,1(24S 1 L=+=+ nann 이라고�하자.�

1)� )(4 11 −+ −= nnn aaa 을�증명하여라.�

2)� nn aa 21 >+ 을�증명하여라.�

(증명)�1)� 24S,24S 11 +=+= −+ nnnn aa 로부터�

2424SS 111 −−+=−= −++ nnnnn aaa �

)4(4 1−−= nn aa �

2)� 1=n 일�때�

524S,1 2121 =⇒+== aaa �

∴� 12 2aa > �

따라서�안같기식이�성립한다.�

kn = 일�때�안같기식� kk aa 21 >+ 가�성립한다고�하자.�

1+= kn 일�때�

)2(22)(4 1112 kkkkkk aaaaaa −+=−= ++++ �

∴� kk aa 21 >+ �

∴� 021 >−+ kk aa �

∴� 12 2 ++ > kk aa �

즉� 1+= kn 일�때�안같기식이�성립한다.�

따라서�수학적귀납법으로부터� N∈n 에�대하여�안같기식�

nk aa 21 >+ 이�성립한다.�

례�8.�수렬�{ }a 에서� 2,1,1 21321 =+=== aaaaa 이고�

11 −+ += nnn aaa �

로�표시될�때�일반마디공식이�



















 −
−







 +
=

nn

na 2
51

2
51

5
1

�

이라는것을�증명하여라.�
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(증명)� 1=n 일�때�

1
2

51
2

51
5

1
1 =



















 −
−







 +
=a �

2=n 일�때�

1
4

54
5

1
2

51
2

51
5

1
22

2 =⋅=


















 −
−







 +
=a �

kn ≤ 일�때�명제가�성립한다고�하자.�

1+= kn 일�때� 11 −+ += kkk aaa �

즉�


















 −
−







 +
=+

kk

ka 2
51

2
51

5
1

1 �

=


















 −
−







 +
+

−− 11

2
51

2
51

5
1

kk

�











 −
⋅







 −
+











 +
⋅







 +
=

2
53

2
51

5
1

2
53

2
51

5
1

kk

�



















 −
−







 +
=

++ 11

2
51

2
51

5
1

kk

�

따라서� 1+= kn 일�때에도�명제는�성립한다.�

따라서�수학적귀납법으로부터�주어진�명제가�성립한다.�

례�9.� ( ) ( )1, >∈= nnxxf n
N 이고� 0, 21 ≥xx 일�때�

( ) ( )
22

2121 xfxfxxf +
≤






 +

�

임을�증명하여라.�

(증명)� 2=n 일�때�

4
2

22
21

2
2

2
1

2
2121 xxxxxxxxf ++

=





 +

=





 +

�

( ) ( )
24

21
2
2

2
1

2
2

2
1 xfxfxxxx +

=
+++

≤ �
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따라서�안같기식이�성립한다.�

( )31 ≥−= kkn 일�때�안같기식이�성립한다고�가정하면�즉�

22

2
2

1
1

1
21

−−− +
≤






 + kkk xxxx

�

그러면� kn = 일�때�

222
21

1
2121 xxxxxx kk +

⋅





 +

=





 + −

�

( )
422

1
1

22
1

12121
1

2
1

1 xxxxxxxxxx kkkkkk −−−− +++
=

+
⋅

+
≤ �

210 xx ≤≤ 일�때�
1

2
1

1
−− ≤ kk xx �

120 xx ≤≤ 일�때�
1

2
1

1
−− ≥ kk xx �

∴� ( )( ) 01
2

1
121 ≥−− −− kk xxxx �

그러면�
kkkk xxxxxx 21

1
21

1
12 +≤+ −−

�

∴�
242

21212121
kkkkkkk xxxxxxxx +

=
+++

≤





 +

�

( ) ( )
2

21 xfxf +
= �

kn = 일�때에도�안같기식이�성립한다.�

따라서�수학적귀납법으로부터�모든� ( )1>∈ nn N 에�대하여�

주어진�안같기식이�성립한다.�

례�10.�수렬�{ }na 에서� xnxaaxa nn )1sin(cos,cot 11 −−== − 일�

때�일반마디� na 의�공식을�구하여라.�

(풀이)�
x
xxa

sin
coscot1 == �

xx
x
xxxaa sincos

sin
cos)12sin(cos12 −⋅=−−= �

x
xxx

x sin
2cos)sin(cos

sin
1 22 =−= �

xx
x
xxxaa 2sincos

sin
2cos)13sin(cos23 −=−−= �
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x
xxxxx

x sin
3cos)sin2sincos2(cos

sin
1

=−= �

…� …� …� …�

∴�
x
nxan sin

cos
= �

이제�수학적귀납법을�리용하여�
x
nxan sin

cos
= 가�성립한다는것

을�증명하자.�

(1)� 1=n 일�때�

x
xxa

sin
coscot1 == �

(2)� kn = 일�때�
x
kxak sin

cos
= 가�성립한다고�가정하자.�

1+= kn 일�때�

kxx
x
kxxkxaa kk sincos

sin
cos]1)1sin[(cos1 −⋅=−+−=+ �

x
xkxkxxkx

x sin
)1cos(]sinsincos[cos

sin
1 +

=−= �

따라서�안같기식이�성립한다.�

(1)과�(2)로부터�모든�자연수�n에�대하여�일반마디�

x
nxan sin

cos
= �

가�성립한다.�

례�11.�1보다�큰�임의의�자연수�n에�대하여�

24
13

2
1

2
1

1
1

>++
+

+
+ nnn

L �

을�증명하여라.�

(증명)�
nnnn 2

1
2

1
1

1
++

+
+

+
= LS 이라고�하자.�

(1)� 2=n 일�때�
24
13

12
7

22
1

12
1

2 >=
+

+
+

=S �

따라서�안같기식이�성립한다.�
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(2)� kn = 일�때�
24
13

>kS 이라고�하자.�

1+= kn 일�때�

−







+

++
++

+
++

=−+ )1(2
1

2)1(
1

1)1(
1

1 kkkkk LSS �





 ++

+
+

+
−

kkk 2
1

2
1

1
1

L �

)1(2
1

12
1

1
1

+
+

+
+

+
−=

kkk
�









+

−
+

+
+

=
1

1
)1(2

1
12

1
kkk

�

)1(2
1

12
1

+
−

+
=

kk
0

)12)(1(2
1

>
++

=
kk

�

따라서� kk SS >+1 �그리고�
24
13

>kS �

그러면�
24
13

1 >+kS �

따라서�안같기식이�성립한다.�

(1),�(2)로부터� N,1 ∈> nn 에�대하여�주어진�안같기식

이�성립한다.�

례�12.�포물선� xy = 와� x축사이에�점차적으로�커지는�내접바른

3각형� L,,, 321 AAA 이�있다고�하자.�그러면�3각형� nA

의�둘레의�길이는� ,nl �포물선에�있는�한개�정점은� ,nP � x
축에�있는�두개의�정점은��

Q 1−n ,�Q n 이다.�그리고�

Q0은�원점이고�L += 1ln �

( )LL ,2,12 =++ nll n

이라고�하면�

L
( )

3
1+

=
nn

n �

임을�증명하여라.� 그림�6－1�

0�

y

x �

P1�

Q0�Q1� Q2� Q3�

A1�
A2�

A3�

P2�

P3�
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(증명)�(1)� 1=n 일�때�OP1의�방정식은�

xxy 3
3

tan =⋅=
π

�







=

=

xy

xy 3
�

풀이는�
3
3,

3
1

== yx �

점�P1의�자리표는� 








3
3,

3
1

이므로�OQ1 13
2 l== �

바른3각형�A1의�변의 길이는 

L1
( )

3
2

3
111
=

+×
=  

따라서 명제가 성립한다.�

(2)� kn = 일�때�L ( )
3

1+×
=

kk
k 이�성립한다고�가정하자.�

1+= kn 일 때 
Q k 의 자리표는 (L k ,�0)이고�직선�Q k P 1+k 의 방정식은 

( ) ( )




 +

−=−=
3

133 kkxxy kL  

점�P 1+k 의�자리표는� ( )11 , ++ kk yx 이다.�그것은�동시에�

xy =      ① 

( )




 +

−=
3

13 kkxy   ② 

을�만족시켜야�한다.�

방정식�①,�②를�련립시키면�

( )
3
1 2

1
+

=+
kxk �

을�얻는다.�

2
1

1
kk

kx
LL +

= +
+ 이므로�
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( ) ( )
3

1
3
1

22
2

11
+

−
+

=−= ++
kkk

x kkk LL �

( )( ) ( ) ( )[ ]
3

111
3

21 +++
=

++
=

kkkk
�

따라서�같기식이�성립한다.�

(1),�(2)로부터�모든�자연수�n에�대하여�늘�

L
( )

3
1+

=
nn

n �

이�성립한다.�

례�13.�수렬� naaa ,,, 21 L 에�대하여�첫�n째�마디까지의�합이�S n이

라고�하고�이것과� na 의�관계는�S
( )nnn b

ab
+

−+⋅−=
1

11 로�

표시된다.�여기서�b는�n에�무관계한�상수이고� 1−≠b 이다.�

1)� na 과� 1−na 의�관계식을�구하여라.�

2)�n과�b를�리용하여� na 의�식을�구하여라.�

(풀이)�1)� 1−−= nnna SS �

( ) ( ) 11 1
11

1
11 −−

+
+−+

+
−+−= nnnn b

ba
b

ba �

( )
( )

( )2
11 ≥
+

+−−= − n
b
baab nnn �

이것을�정돈하면�

( )
( )2

11 11 ≥
+

+
+

= +− n
b
ba

b
ba nnn �� ①�

2)� =1a S
1

1111 +
−+−=
b

ba 이므로�

∴�
( )21 1 b
ba
+

= � � � � � ②�

식�①로부터�

( ) ( )3
2

312 111 b
bb

b
ba

b
ba

+
+

=
+

+
+

= �
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( )423 11 b
ba

b
ba

+
+

+
= �

( ) ( ) ( )4

23

43

2

1111 b
bbb

b
b

b
bb

b
b

+
++

=
+

+
+
+

⋅
+

= �

∴�
( ) 1

21

1 +

−

+
++++

= n

nn

n b
bbbba L
� � � ③�

수학적귀납법을�리용하여�식�③이�성립한다는것을�증명

하자.�

(1)� 1=n 일�때�
( )21 1 b
ba
+

= �

식�②로부터�성립한다는것을�알수�있다.�

(2)� kn = 일�때�
( ) 1

21

1 +

−

+
++++

= k

kk

k b
bbbba L
�

가�성립한다고�가정하면�

1+= kn 일�때�

( ) 21 11 ++
+

+
+

= kkk b
ba

b
ba �

( ) ( ) 21

21

111 ++

−

+
+

+
++++

⋅
+

= kk

kk

b
b

b
bbbb

b
b L

�

( ) 1

231

1 +

+

+
+++++

= k

kk

b
bbbbb L
�

즉� 1+= kn 일�때�식�③이�성립한다.�

(1),�(2)로부터�임의의� N∈n 에�대하여�식�③이�성립한다.�

( )( )
( )

( )








=

≠
+−

−

=

+

+

+

1
2

1
11

1

1

1

1

bn

b
bb

b

a

n

n

n

n �

례�14.�수렬�1,�3,�6,�…의�첫�n째�마디까지의�합이�n의�3차여러

마디식이라고�할�때�수렬의�일반마디공식과�첫� n째�마디까

지의�합의�공식을�구하여라.�

(풀이)�S =n A
3n ＋B

2n ＋C n＋D라고�하면�
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=na S n－S 1−n �

( )[ ] ( )[ ] ( )[ ]111 2233 −−+−−+−−= nnnnnn CBA �

( ) CB-A2A-2B3A +++= nn2
�

6,3,1 321 === aaa 으로부터�









=++

=++

=++

6C5B19A

3C3B7A

1CBA

�

을�얻는다.�풀이는�














=

=

=

3

1
C

2

1
B

6

1
A

�

∴�
n

nan 2
1

2
1 2 += �

또한�S 0D1DCBA =⇒=+++== 11 a �

∴�S nnnn 3
1

2
1

6
1 23 ++= �

례�15.�12＋22＋32＋…＋
2n 의�합을�구하여라.�

(풀이)�
2nan = 은� n 의�2차식이고� 1−−= nnna SS 이므로� nS 은� n

의�3차여러마디식이다.�즉�

S =n A
3n ＋B

2n ＋Cn＋D ( )4,3,2,1=n �











=+++=+++

=++=+++

=+=+++

=+++

046

3

2

316941DCB164A

14941DC9B27A

541DC4B8A

1DCBA

�

풀이는� 0,, ==== D
6

1
C,

2

1
B

3

1
A �
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∴�S
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121
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1
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1 23 ++

=++=
nnnnnnn �

례�16.�수렬�{ }na 에�대하여�6,�9,�14,�21,�30,�…이�주어졌을�때�

이�수렬의�일반마디공식을�구하여라.�

(풀이)�수렬의�특징을�고찰하자.�뒤마디로부터�앞마디를�던�차로�

이루어진�수렬� { }nb 은�3,�5,�7,�9,�…으로서�첫�마디가�3

이고�공통차가�2인�같은차수렬이다.�그러면�수렬�{ }nb 의�일

반마디공식을�구할수�있으며�다시�거꾸로�수렬�{ }na 의�일반

마디공식을�유도할수�있다.�

3,�5,�7,�9,�…의�일반마디는� 12 += nbn 이므로�

,5,3 223112 ==−==− baabaa �

12,,7 11334 −==−==− −− nbaabaa nnnL �

매�식을�서로�더하면�

1211 −+++=− nn bbbaa L �

1129753 2 −=−+++++= nnL �

즉� 561 22

1
+=+−=+= ∑

=

nnaba i

n

i
in �

여기서� i

n

i
in aba += ∑

=1

는�두개�수렬의�관계식으로서�{ }nb 의�

일반마디공식으로부터�거꾸로�원래�수렬의�일반마디공식을�

유도할수�있다.�

례�17.�수렬�1,�4,�11,�26,�57,�120,�…의�일반마디공식을�구하여라.�

(풀이)�제1계차수렬�{ }nb 은�3,�7,�15,�31,�63,�…이고�제2계차수렬�

{ }nc 은�4,�8,�16,�32,�…이므로�수렬�{ }nc 은�첫�마디가�4,�

공통비가�2인�같은비수렬이다.�

따라서�일반마디는�
124 −⋅= n

nc �

공식으로부터� 12 1
1

1

1
−=+= +

−

=
∑ n
n

j
jn bcb �

( ) 112
1

1

1
1

1

1
+−=+= ∑∑

−

=

+
−

=

n

j

j
n

j
jn aba �

22 1 −−= + nn
�
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따라서�수렬의�일반마디공식은�

22 1 −−= + na n
n �

2)Ã련습문제Ã

－Ã빈칸채우기문제Ã

1.�같은비수렬�100,�96,�92,�88,�…은�����째�마디로부터�시작하여�매

개�마디는�모두�부수이며�����째�마디는�령이다. 

2.�수렬� L,
17
16,

10
9,

5
4,

2
1

의�일반마디는� =na ����이다.�

3.�5개의�수자�2,� zyx ,, ,�18이�같은비수렬을�이루면� x의�값은�����이다.�

4.�{ }na 이�같은비수렬이면� nalg 은�����수렬이며�








na
1

은�����수렬이

고�{ }2
na 은�����수렬이다.�

5.�같은차수렬� { }na 의�첫� n째�마디까지의�합이�S
23nn = 이면�

=5a ����이다.�

6.�수렬이� LL ,
2
12,,

4
14,

2
12

222







 +






 +






 + n

n
이면�S =n ����이다.�

7.�n이�4의�배수이면�1＋2 ( ) =++++ ninii 13 2 L ����이다.�

8.�수학적귀납법을�리용하여� nn <
−

++++
12

1
3
1

2
11 L 을�증명하는�과

정에�《 kn = 》에서�《 1+= kn 》( )N∈n 으로�할�때�왼변에�첨가하

여야�할�마디는�����이다.�

－Ã선택문제Ã

9.�같은차수렬의�첫� 12 +n 째�마디에서�홀수마디의�합과�짝수마디의�

합의�비는�(���)이다.�

A.�
n
n 12 +

� � B.�
n
n 1+

�� C.�
n
n
2

12 +
� D.�

n
n
2

1+
�

10.�매개�마디들이�정수인�같은비수렬에서�임의의�마디가�그뒤의�두개�

마디의�합과�같으면�이�공통비는�(���)이다.�

A.�
2
5
� � B.�－

2
5
� C.�

2
51−
� D.�

2
51+−
�
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11.�수렬� L,
6
5,

5
4,

4
3,

3
2

에서�(���)번째�마디뒤의�모든�마디들과�1

과의�차의�절대값이�0보다�작다.�

A.�95� � B.�96� � C.�97� � D.�98�

12.�같은차수렬에서�m째�마디가� n이고� n째�마디가�m이면� mn + 째�

마디는�(���)이다.�

A.� nm + �� B.�mn � � C.� mn − � D.�0�

13.�수렬�1,�
n++++++ L

L
21

1,,
321

1,
21

1
의�첫� n 째�마디까지의�

합은�(���)이다.�

A.�
12

2
+n
n

� B.�
12 +n

n
� C.�

1
2
+n
n

�� D.�
1

2
−n
n

�

14.�수렬에서�일반마디공식은�다음과�같다.�

①� ( ) ( )22 22 −−+= nnan � ②�
n

na 2lg= �

③�
n

na 2log2= �� � � ④� ( )N∈++= nnnan 442
�

여기서�같은비수렬의�개수는�(���)이다.�

A.�4�� B.�3�� C.�2� � D.�1�

－Ã해답문제Ã

15.�
7

sin
7

cos ππ iz += 가 주어졌다.�수렬�1,� LL ,,,,, 32 nzzzz 의�

첫�182째�마디까지의�합과�적을�구하여라.�

16.�수렬� ( ) ( ) LL ,30sin1000lg,,30sin1000lg,1000lg 1 °° −n
에�대하여�

몇개의�마디들의�합이�최대이고�최대값은�얼마인가를�구하여라.�

17.�평면에� n개의�원이�있다.�여기서�매개�두개의�원은�서로�다른�두�

점에서�사귀고�매개�세개의�원은�한�점에서�사귀지�않는다.�이� n
개의�원은�평면을� ( ) 22 +−= nnnf 개의�부분으로�가른다는것을�

증명하여라.�

18.�수렬�{ }na 에�대하여� nn ana ⋅== 2
1 ,1 S 일�때� na 과�S n을�구하여라.�

19.� n 은�자연수이고�포물선의�방정식이� ( ) ( ) 1122 2 ++−+= xnxnny
일�때�

1)�포물선의�정점들은�모두�한개의�쌍곡선에�놓인다는것을�증명하

여라.�

2)� L,3,2,1=n 일�때�포물선이� x 축에서�선분토막들로�자른�길
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이의�총합을�구하여라.�

20.�수렬�{ }na 에서� 21 =a 이고� 0121 =+−⋅+ nnn aaa 일�때�

1)� 432132121 ,, aaaaaaaaa 의�값을�구하여라.�

2)� nn aaaa ⋅⋅⋅⋅ −121 L 의�값을�구하는�공식을�찾고�수학적귀납법을�

리용하여�증명하여라.�

3)Ã자체시험문제Ã

－Ã빈칸채우기문제Ã

1.�수렬이� L,
23
15,

17
11,

11
7,

5
3

이라고�하면� =na ����이다.�

2.� ( ) ( )32lg,12lg,2lg +− xx
이�같은비수렬을�이루면� =x ����이다.�

3.�수렬의�일반마디가� ( )2+= nnan 라고�하면�

=+++++ LL
naaaa

1111

321

����이다.�

4.�같은비수렬� { }na 에서� 1a 과� 10a 이�방정식� 0142 2 =++ xx 의�두개

의�풀이이면� =⋅ 74 aa ����이다.�

5.� =
++

++
+

+
+ 1

1
23

1
12

1
nn

L ����이다.�

6.�수렬�{ }na 에서� naaa nn +== +11 ,1 이면�수렬�{ }na 의�일반마디공식

은�����이다.�

－Ã선택문제Ã
7.�수학적귀납법을�리용하여�

《
nnnn 2

1
2

1
1

1
12

1
4
1

3
1

2
11 ++

+
+

+
=

−
++−+− LL 》�

을�증명하는�과정에� 1=n 일�때�같기식의�왼변과�오른변의�식은�각

각�(���)이다.�

A.�1,�
11

1
+

� � � � � B.�
11

1,
2
11

+
− �

C.�
21

1
11

1,
3
1

2
11

+
+

+
+− � � D.�1,�

21
1

11
1

+
+

+
�

8.�같은차수렬�{ }na 에서� 15156 =+ aa 라고�하면�S20은�(���)이다.�

A.�100� ��B.�120�� C.�140� � D.�150�



�

� 105�

9.�수렬�{ }na 의�일반마디가� 132 −= nan 이라고�하면�가장�작은� nS 은�

(���)이다.�

A.�S1� � B.�S4� � C.�S6� � D.�S10�

10.�수렬�1,�1＋2,�1＋2＋22,�…,�1＋2＋22＋23＋�…�＋2n－1의�첫�n째
마디의�합은�(���)과�같다.�

A.�2n� � B.�2n＋1－n� � C.�2n－n�� �D.�2n＋1－n－2�

11.� cba ,, 가�같은차수렬을�이루고� cba ,,1+ 와� 2,, +cba 가�같은

비수렬을�이룬다면�b의�값은�(���)이다.�

A.�10� � B.�12� � C.�14� � D.�16�

12.�한개의�같은비수렬과�첫�마디가�0인�같은차수렬이�있다.�대응하는�

마디끼리�서로�더하여�새로운�수렬�1,�1,�2,�…을�얻으면�이�수렬

의�첫�10째까지의�마디의�합은�(���)이다.�

A.�978� � B.�468� � C.�558� � D.�1�068�

－Ã해답문제 

13.�n은�자연수이고�
4

0 π
≤< x 일�때� nxx

n ≥− cot
2

cot 을�증명하여라.�

14.� )(xfy = 는�1차함수이다.�그리고� 15)8( =f 이고� )5(),2( ff ,�

)4(f 가�같은비수렬일�때�

)()2()1( nfffn +++= LS �

을�구하여라.�

15.�{ }na 이�같은차수렬이고�공통차가�0이�아니며�

)(02 21
2

N∈=++ ++ kaxaxa kkk �

이라고�할�때�

1)� k 가�서로�다른�자연수값을�가질�때�방정식이�하나의�같은�풀

이를�가진다는것을�증명하여라.�

2)� kaaa ,,, 21 L 가� 방정식의� 서로� 다른� 풀이들이라고� 할� 때�

,
1

1

1 +a 1
1,,

1
1

2 ++ kaa
L 은�같은차수렬을�이룬다는것을�증명

하여라.�

16.� 0)1( =f 이고� )(1)1()( N∈=−− nnbfnaf 이며� 0>> ba 이라고�

하자.�

1)� )4(),3( ff 를�구하여라.�

2)� )(nf 의�표시식을�구하고�수학적귀납법을�리용하여�증명하여라.�
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7. 복소수 

1)Ã문제풀이방법Ã

례�1.�m이�어떤�실수일�때�( ) ( )[ ]imimmm 6543 22 ++−+− 의�값이�

1)�실수� � 2)�순허수� 3)�0�

이겠는가?�

(풀이)�(주어진�식) ( ) ( )immmm 6543 22 −−−−−= �

( )( ) ( )( )immmm 6141 −++−+= �

1)� 1−=m �또는� 6=m 일�때�주어진�식은�실수이다.�

2)� 4=m 일�때�주어진�식은�순허수이다.�

3)� 1−=m 일�때�주어진�식은�령이다.�

례�2.�다음의�명제들가운데서�정확한것과�정확하지�않은것을�지적

하여라.�

1)� cba ,, 가�복소수이고�
222 cba >+ 이면�

0222 >−+ cba �

2)� cba ,, 가�복소수이고� 0222 >−+ cba 이면�
222 cba >+ �

(풀이)�
222 cba >+ 으로부터�

22 ba + 과�
2c 은�다�실수이며�

0222 >−+ cba �

따라서�명제�1)이�성립한다.�

한편� 0222 >−+ cba 으로부터� 0222 >−+ cba 은�실수이

지만�
22 ba + 과� c는�다�실수라고�말할수�없다.�

실례로� ( )icibia +==+= 12,,2 로�놓으면�

( ) ( ) 024143222 >=−−++=−+ iicba �

이지만� iciba 4,42 222 =+=+ 는�다�복소수이다.�

따라서�
222 cba >+ 은�성립하지�않으며�명제�2)는�성립하지�

않는다.�

례�3.�
( )( )

( )
i

iii

ii 2
53

2
1

2
3

2243
+

−







+

−+
의�절대값을�구하여라.�
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(풀이)�주어진�식
( )( )

( )
i

iii

ii 2
53

2
1

2
3

2243
+

−







+

−+
= �

ii 252
521

25
+=+

××
×

= �

따라서�절대값은� 345 =+ 이다.�

례�4.�복소수� 





 ≤<+−=

2
0sincos1 πθθθ iz 를�삼각형식으로�표

시하고�그�절대값과�편각의�엄지값을�구하여라.�

(풀이)� θθ sincos1 iz +−= �

2
cos

2
sin2

2
sin2 2 θθθ

⋅+= i �







 +=

2
cos

2
sin

2
sin2 θθθ i �















 −+






 −=

22
sin

22
cos

2
sin2 θπθπθ i �

한편�
2

0 πθ ≤< 이므로�
42

0 πθ
≤< �즉� 0

2
sin >

θ
�

2224
πθππ

≤−< �

따라서� =z 2
2

sin θ ,�arg( z )
22
θπ

−= �

례�5. qp, 는�다�옹근수이고�
5

2sin
5

2cos ππ ia += 가�주어졌을�때�

qap + 의�점들은�복소수평면에서�원의�중심에�원점이�있는�

단위원둘레에�놓인다.�이�점들을�표시하는�복소수를�구하여라.�

(풀이)�

2
2

5
2sin

5
2cos ππ iqqpqap ++=+ �
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22

5
2sin

5
2cos 






+






 +=

ππ qqp

1
5

2cos2

5
2sin

5
2cos

5
2cos2

22

22222

=++=

+++=

qpqp

qqpqp

π

πππ

�

그런데�
5

2cos πpq 는�무리수이고� qp, 는�옹근수이므로�





=+

=

1
0

22 qp
pq

�

따라서�




±=
=

1
0

q
p

�또는�




=
±=
0

1
q
p

�

그러므로�조건을�만족시키는�복소수는�

1,�－1,�
5

2sin
5

2cos ππ i+ ,�
5

2cos π
− ,�

5
2sin πi− �

례�6.�복소수� 1321 === zzz 일�때�다음것을�증명하여라.�

1)�
321

321
111
zzz

zzz ++=++ �

2)� 321313221 zzzzzzzzz ++=++ �

(증명)�조건� 1321 === zzz 로부터�반드시�

3
3

2
2

1
1

1,1,1
z

z
z

z
z

z === �

이여야�한다.�

1)�왼변＝ 321321 zzzzzz ++=++ �

321
321

111
zzz

zzz ++=++= ＝오른변�

2)�왼변＝ 313221 zzzzzz ++ �
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321
321

321
321

111111
zzz

zzz
zzz

zzz ++=







++ �

321321 zzzzzz ++=++= 321 zzz ++= ＝오른변�

례�7.� 1,1 21 << zz 일�때� 1
1 21

21 <
−
−
zz
zz

임을�증명하여라.�

(풀이)� 1
1 21

21 <
−
−
zz
zz

이�성립한다는것을�증명하기�위하여�

2
21

2
21 1 zzzz −<− �

이�성립한다는것을�증명한다.�
2

21
2

211 zzzz −−− ( )( ) ( )( )21212121 11 zzzzzzzz −−−−−= �

( )( ) ( )( )21212121 11 zzzzzzzz −−−−−= �

22212111221121211 zzzzzzzzzzzzzzzz −++−+−−= �

01 2
2

2
1

2
2

2
1 >−−⋅+= zzzz �

즉� 1
1 21

21 <
−
−
zz
zz

�

례�8.�1의�3차뿌리를�구하여라.�

(풀이)�1의�3차뿌리를� x라고�하면� 13 =x �

0sin0cos1 i+= 이므로�

( )2,1,0
3

2sin
3

2cos =+= kkikx ππ
�

따라서� 11 =x �

��
3

2sin
3

2cos2
ππ ix += i

2
3

2
1
+−= �

��
3

4sin
3

4cos3
ππ ix += i

2
3

2
1
−−= �

례�9.�다음�식들을�계산하여라.�

1)� ( )N∈






 −−
+







 +− nii
nn

2
31

2
31

�
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2)� ( )N∈






 −
+







 + nii
nn

2
1

2
1

�

(풀이)�
2

31 iw +−
= 라고�하면�

2
312 iw −−

= �또는� 13 =w �

1)�주어진�식＝

( )
( )
( )








+=−
+=−

=
=+ −

231
131

32

kn
kn
kn

ww nn
�

따라서� n이�3의�옹근수배수일�때�주어진�식은�2이고�3

의�배수가�아닐�때에는�－1이다.�

2)�두가지�경우로�갈라�고찰하자.�

(1)�n ( kn 2= )이�짝수인�경우�

주어진�식＝ ( )kk
kk

iii
1-+=







 −
+







 +
− 2

2
1

2
1

�

( )
( )
( )
( )










+=
+=−
+=

=

=

340
242
140

42

mk
mk
mk
mk

�

(2)�n이�홀수�즉� 12 += kn 인�경우�

주어진�식은�

( )kk
kk

iiiii
1-⋅

−
⋅

+
=







 −
+







 +
+

++

2
1

2
1

2
1

2
1

1212

�

( )
( )
( )
( )












+=

+=−

+=−

=

=

342

242

142

42

mk

mk

mk

mk

�

즉�n이�짝수일�때�주어진�식은� 2± �또는�0이다.�

n이�홀수일�때�주어진�식은� 2± 이다.�
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례�10.�O는�복소수평면의�원점이고�서로�다른�두�점�P,�Q가�각각�

복소수� 21 , zz 를�표시한다.�이때� 024 2
221

2
1 =+− zzzz 이라

고�하면�3각형�POQ의�형태를�판단하여라.�

(풀이)� 024 2
221

2
1 =+− zzzz 이므로�

0124
2

1

2

2

1 =+







−








z
z

z
z

�

즉�
4

31
8

122

2

1 ii
z
z ±

=
±

=







�

따라서� ( )°±°=
±

= 60sin60cos
2
1,

4
31

21 iziz �

즉�OP가�OQ로부터�원점�O주위로�시계바늘이�도는�방향과�

반대로�60°�돌고�절대값이�원래의�절반으로�축소하여�얻은

것이다.�

따라서�△POQ는�직3각형이다.�

례�11.�복소수� z 가� ( ) ( ) 011 22 =−++ nn zz ( N∈n )을�만족한다고�

할�때� z가�반드시�순허수라는것을�증명하여라.�

(증명)� ( ) ( ) 011 22 =−++ nn zz �

( ) ( ) nn zz 22 11 −−=+ �

즉� ⇒−=+⇒−=+ 2222 1111 zzzz nn
�

( )( ) ( )( )⇒−−=++ 1111 zzzz �

( )( ) ( )( )⇒−−=++ 1111 zzzz �

( ) ( )0Re02 =⇒=+ zzz �

그러나� 0≠z 이므로 z는 순허수이다. 
(다른�증명)�첫�방법으로부터� 11 −=+ zz ,� biaz += 라고�하자.�

웃식에�갈아넣으면��

( ) ( ) bizababa ==⇒++=++ ,011 22
�

또한� 0=a 이면� 0=z ,� ( ) ( ) 0211 22 ≠=−++ nn zz �

따라서� 0=a 이고� 0≠b �즉� z는�순허수이다.�

례�12.�복소수모임에서�다음�여러마디식을�인수분해하여라.�

1)�
4224 yyxx ++ �
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2)� 4sin42 ++ θxx �

(풀이)�1)�주어진�식＝�

224224 2 yxyyxx −++= ( ) 22222 yxyx −+= �

( )( )xyyxxyyx −+++= 2222
�








 ±
−







 ±−
−= yixyix

2
31

2
31

�

이므로�








 −
−







 +
−







 +−
+







 +
+ yixyixyixyix

2
31

2
31

2
31

2
31

로�인수분해된다.�

2)�주어진�식＝ 4sin42 ++ θxx �

θθθ 222 cos4sin4sin4 +++= xx �

( ) ( )22 cos2sin2 θθ ix −+= �

( )( )θθθθ cos2sin2cos2sin2 ixix −+++= �

례�13.� dc, 가�실수이고�방정식� 05 23 =++− dcxxx 의�한개의�풀

이는� i32 − 일�때� dc, 의�값을�구하고�방정식을�풀어라.�

(풀이)�실곁수한변수 n차방정식에�대하여�복소수� bia + 가�방정

식의�풀이이면�이것은�공액복소수� bia − 도�이�방정식의�

풀이이다.(허수풀이의�쌍대정리)�

i32 − 가�방정식의�한�풀이이므로�방정식에�갈아넣으면�

( ) ( ) ( ) 03232532 23 =+−+−−− dicii �

즉� ( ) ( ) 0351221 =−+++− icdc �

따라서�




=−
=++−

0351
0221

c
dc

�

풀이는�




−=
=

13
17

d
c

이다.�

또한� i32 − 가�방정식의�한�풀이이므로� i32 + 는�이�방정식

의�다른�풀이이다.�

013175 23 =−+− xxx 을� ( )[ ] ( )[ ]ixix 3232 −−+− 로�나누

면�상은� 1−x 이고�나머지는�0이다.�따라서�방정식의�풀이
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는� i32 − ,� i32 + ,�1이다.�

례�14.� ( )00 ≥=++ aiazzz 일�때�복소수� z를�구하여라.�

(풀이)�방정식으로부터� 0≠z 이다.�그렇지�않으면�방정식은�성립하

지�않는다.�

방정식을�
az
iz
+
−

= 로�변형하면� 0≥a 이므로� ( )0<= yyiz

이라고�하고�주어진�방정식에�갈아넣으면�

0=++ iayiyyi �

012 =++− ayy �

2
42

2,1
+±

=
aay �

여기서� 0<y 이므로�《＋》기호를�없애면�

2
42 +−

=
aay ,� iaaz

2
42 +−

= �

례�15.� ( ) ( ) +−+++−++ 222222 11 yxyxyx �

( ) ( ) 2211 22 ≥−+−+ yx 를�증명하여라.�

(풀이)�왼변= ( ) ( ) ( ) ( )iyxiyxyixyix −+−+−+++−++ 1111 �

BABA +≥+ 이므로�

왼변≥ ( ) ( )[ ] ( ) ( )[ ]iyyxxyixx −+−+−+++−+ 1112 �

＝ ( )[ ]iyyi 22121 −+++ �

≥ ( ) ( )[ ]iyyyi 22211121 −+++++ �

＝ 2222 =+ i �

례�16.�복소수수렬�{ }nz 의�매개�마디의�절대값은�정의�실수� r이고�

nz 의�편각은� nθ 이라고�할�때� { }nθ 은�같은차수렬이고�그�

공통차는� ( )π20 << dd 이다.�

1)�수렬�{ }nz 의�첫�200번째�마디까지의�합이�S200＝0일�때�

공통차�d 의�모든�가능한�값들을�구하여라.�

2)�1)의�모든�가능한�값� d 에�대하여� 21 zz − 의�최소값을�



�

�114�

구하여라.�

(풀이)�1)� ( ) ( )L,2,111 =−+= ndnn θθ 이므로�

( )nnn irz θθ sincos += �

( )[ ] ( )[ ]( )dnidnr 1sin1cos 11 −++−+= θθ �

( ) ( ) ( )[ ]dnidnir 1sin1cossincos 11 −+−+= θθ �

( )( ) 1
11 sincossincos −++= ndidir θθ �

즉� { }nz 은�첫마디가� ( )111 sincos θθ irz += 이고�공통비가

didq sincos += 인�같은비수렬이다.�따라서�

S200＝
( ) ( )[ ]

( ) 0
sincos1

sincos1sincos 200
11 =

+−
+−+
did

didir θθ
�

그러므로�

( ) 1200cos0200sin200cos1 =⇒=+− ddid �

( )Z∈=⇒=⇒ kkdkd
100

2200 ππ �

그런데� π20 << d 이므로� 2000 << k �

따라서�d 의�모든�가능한�값들은�

( )199,,2,1
100

L== kkd π
�

2)�주어진�식＝ 21 zz − ＝�

＝ ( ) ( ) ( )[ ]didrir +++−+ 1111 sincossincos θθθθ �

( ) ( )[ ]didir sincos1sincos 11 +−+= θθ �

( ) ddr 22 sincos1 +−= �

2
sin22 2 dr ×= �

200
sin2 πkr= �

따라서� 1=k �또는� 199=k 일�때�

200
sin2

min21
πrzz =− �
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례�17.�복소수� 321 ,, zzz 의�편각들이�각각� γβα ,, 이고�

321321 ,2,,1 zzzkzkzz ++−=== ＝0�

이라고�하자.� k가�어떤�값일�때� ( )γβ −cos 는�최대값과�최

소값을�취할수�있는가?�이때�최대값과�최소값을�구하여라.�

(풀이)� αα sincos1 iz += �

( )ββ sincos2 ikz += �

( )( )γγ sincos23 ikz +−= �

그런데 0321 =++ zzz 이므로  

( )
( )




=−++
=−++
0sin2sinsin
0cos2coscos

γβα
γβα

kk
kk

 

( )
( )




−−=
−−=

⇒
②

①

 sinsin2sin
coscos2cos

βγα
βγα

kkc
kk

 

①2＋②2하면�

( ) ( ) γββγ coscos22coscos21 2222 −−+−= kkkk �

( ) ( ) γββγ sinsin22sinsin2 2222 −−+−+ kkkk �

( ) ( )( )γβγβ sinsincoscos222 22 +−−+−= kkkk �

( ) ( ) ( )αβ −−−+−= cos222 22 kkkk  

( ) ( )
( )22

12cos
22

−
−+−

=−⇒
kk
kkγβ �

( )22
342

−
+−

=
kk
kk

( )22
31
−

+=
kk

 

그런데 ( ) 1cos ≤− γβ 이므로 

( ) 1
22

31 ≤
−

+
kk

 

즉 ( ) 0
22

32 <
−

≤
kk

 

따라서 
2
3

2
1

≤≤ k  
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따라서 ( )
( )
















 =−

=−
=−

소최��때�일

최대��때�일

2
11

1
2
1

cos
k

k
γβ  

례�18.�복소수� z 가� 1=z 의�조건밑에서�움직인다고�할�때� 233 −− zz
의�최대값과�최소값을�구하여라.�

(풀이)� yixz += 라고�하자.�여기서� 122 =+ yx �

233 −− zz ( ) ( ) 2121 22 −⋅+=−+= zzzz �

( ) xxyxyxz 221211 22222 +=+++=++=+ � ①�

( ) xyxz 4522 22 −=+−=− � � � � ②�

조건� 122 =+ yx ( )11 ≤≤− x 이�주어져있으므로�식�①,�②

는 령보다�크다.�

세�수의�산수평균과�기하평균의�관계식을�리용하면�

( ) ( ) ( ) ( ) ( )3 2 45223452222 xxxxx −+≥−++++ �

≥33 ( ) ( )xx 4522 2 −+ �

따라서� ≥33 ( ) ( )xx 4522 2 −+ �

같기기호는� xx 4522 −=+ 일�때�성립한다.�

이로부터�풀이는�
2
1

=x �

1
2
1 2

2

=+





 y 로부터�

2
3

±=y 이다.�

이로부터� iz
2
3

2
1
±= 일�때� 233 −− zz 는�최대값� 33 을

가진다.�

0,1 =−= yx 일�때� 233 −− zz 는�최대값�0을�가진다. 

례�19.�점�P( ba, )는�복소수� z 에�대응하고�점�Q( yx, )는�복소수�

iz 432 −+ 에�대응한다.�만일�점�P가�곡선� 1=z 에서�이동

할�때�점�Q의�자리길방정식을�구하여라.�
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(풀이)�주어진�조건으로부터� biaz += �

( ) ibiayix 432 −++=+ �

( ) ( )iba 4232 −++= �





−=
+=

42
32

by
ax

�즉�










+
=

−
=

2
4

2
3

yb

xa
�

점�P( ba, )는�곡선� 1=z 에서�이동하기때문에�

122 =+ ba �즉� 1
2

4
2

3 22

=





 +

+





 − yx

�

점�Q의�자리길방정식은� ( ) ( ) 443 22 =++− yx 이다.�

례�20.�복소수� z 는� 11
=+

z
z 을�만족한다.� z 의�절대값은� r 이고�

편각은�θ이다.�

1)�θ가�취할수�있는�값범위를�구하여라.�

2)� r가�취할수�있는�값범위를�구하여라.�

(풀이)�1)� ( )θθ sincos irz += 이면�

( )θθ sincos11 i
rz

−= �

그런데� 11
=+

z
z 이므로�

( ) ( ) 1sincos1sincos =−++ θθθθ i
r

ir �

이로부터�

1sin1sincos1cos
22

=





 −+






 + θθθθ

r
r

r
r �

이므로�

12cos21
2

2 =++ θ
r

r �

따라서� 121112cos2 2
2 −=−≤






 +−=

r
rθ �
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그림�7－1�

x �

y

A B�

C
G�

H�

E�F�

R

I�

2
12cos1 −≤≤− θ �

따라서�
3

422
3

22 ππθππ +≤≤+ kk �

3
2

3
ππθππ +≤≤+ kk �

2)� −=+ 11
2

2

r
r θ2cos �

32cos11 ≤−≤− θ ,� 21
2

2 ≥+
r

r �

이므로 

312 2
2 ≤+≤
r

r �

그런데� 21
2

2 ≥+
r

r 는�늘�성립하므로� 31
2

2 ≤+
r

r 을�만

족하면�풀이는�

2
15

2
15 +

≤≤
− r �

례�21.�그림�7-1에서�보여주는것처럼�

△ABC에서�각�A는�직각이고�

매개� 변의� 밖으로� 바른4각형�

BAFE,�CBGH,�ACIR를�만들

고�EG와�IH를�맺으면�EG2＋

HI2＝5BC2임을�증명하여라.�

(풀이)�A는�복소수평면의�원점이고�AB,�

AC는�각각�실축과�허축의�정방

향이다.�

cizbz == CB , 라고�하면�

( ) ( )[ ] bibibz −=°−+°−= 45sin45cos2E �

( ) cicicz i +−=°+°= 45sin45cos2I �

( )( ) bicbibcibz ++=−−+=G �

( ) ( )icbcicibciz ++=−+=H �

EG2＋HI2
22

HIEG zzzz −+−= �
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( ) 22 cicicbcbibbicb −+++++−++= �

22 22 bicbic +++= 2222 44 bcbc +++= �

( )225 bc += =5BC2�

따라서�EG2＋HI2＝5BC2이다.�

2)Ã련습문제Ã

－Ã선택문제Ã

1.� ( ) zbarbabiaz arg,,R, 22 =+=∈+= θ 이고�점� ( )ba, 가�4사

분구에�있다면�(���)이다.�

A.�
r
barcsin=θ � � B.�

r
aarccos=θ �

C.�
a
barctan=θ � � D.�

r
aarccos−= πθ �

2.� ( )ϕϕ sincos irz += 는�0�아닌�복소수� z 의�삼각형식이라고�하면�

z
1
의�삼각형식은�(���)이다.�

A.� ( )ϕϕ sincos1 i
r

+ � � � B.� ( ) ( )[ ]ϕϕ −+− sincos1 i
r

�

C.� ( ) ( )[ ]ϕϕ −+− sincos ir � � D.�우의�답이�아니다.�

3.�공액인�두�복소수의�차는�(���)이다.�

A.�허수�또는�순허수가�아니다.� � B.�순허수�

C.�0�� � � � � � � D.�순허수�또는�0�

4.� izz 12132 −=− 라고�하면� z는�(���)이다.�

A.� i121+− � � � � B.� i
5

12
5
1
+− �

C.� i43+ �또는� i4
5
2
+− �� D.� i43+ �

5.�점� z 가�실축과�허축에서�움직인다면� izu 212 ++= 의�복소수평면

에서의�자리길은�(���)이다.�

A.�직선� � B.�두�평행직선�

C.�두개의�서로�다른�수직인�직선�

D.�서로�사귀는�두개의�포물선�



�

�120�

－Ã빈칸채우기문제Ã

6.� =


















+
−

−
85

100

1
1
i
ii �����

7.�복소수�
7

8sin
7

8cos1 ππ iz +−= 의�편각의�엄지각은�����이다.�

8.�

n

i
z 








+

=
33

3
이�주어졌다.� R∈z 이면�최소의�정의�옹근수� =n �����

9.�
3

sin
3

cos ππ iz += 이면� =++++ 1232 1232 zzzz L �����

10.� 1=z 이라고�하면� zi −−3 의�최대값은�����이고�최소값은����이다.�

11.�방정식� ( )R,03 ∈=++ babaxx 가�주어졌다고�하자.�한�풀이가�

1일�때� ba, 의�관계는����이다.�또한�이�방정식의�다른�두개의�

풀이가�허수풀이일�때�a가�취하는�값범위는����이다.�

－Ã해답문제Ã

12.� N∈n 이고 ( )ni+1 이 
1)�실수� � 2)�순허수�

라고 하면 n의 최소값은 얼마인가? 또한 대응하는 수는 무엇인가? 
13.�OABCDE가�복소수평면의�바른6각형이고�정점�A에�대응하는�복소

수는� i22 + 라고�하자.�정점�D에�대응하는�복소수를�구하여라.�

14.�복소수범위에서�방정식� 2
2

4
4 11

x
x

x
x +++ ＝4를�풀어라.�

15.� 1=z 이고� 1±≠z 이라고�할�때�
1
1

+
−
z
z

은�순허수이라는것을�증명하

여라.�

16.� ( )0≠+= bbiaz 이라고�할�때� ( )0
22

>
+ n
z
nz

이�실수이기�위한�

필요충분조건은� nz = 이라는것을�증명하여라.�

17.� ( ) ( )aiaz ++++= 12sin12cos11 �

( ) ( )aiaz −+−−= 12sin12cos12 �

이고�
2
10 << a 이라고�할�때� 21 , zz 의�크기를�비교하여라.�
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18.�{ }nz 은�같은비수렬이다.�즉� 11 =z ,� biaz +=2 ,� ( )03 >+= aaibz �

1)� nz 을�구하여라.�

2)�첫�100번째까지의�마디들가운데서�몇개의�마디가�순허수인가?�

그의�합을�구하여라.�

19.�복소수� z는�다음�조건들을�만족시킨다.�

(1)�절대값은�a와�같다.�

(2)�실수부와�허수부의�적과�합은�서로�같다.�

이때�다음�물음에�대답하여라.�

1)�조건�(1)은�무슨�곡선을�표시하는가?�그리고�그림을�그려라.�

2)�조건�(2)는�무슨�곡선을�표시하는가?�그리고�그림을�그려라.�

20.�복소수를�리용하여�
7

cos
7

5cos
7

3cos πππ
++ 의�값을�구하여라.�

21.�복소수� ( ) ( )ββαα sincos3,sincos2 21 iziz +=+= 가�주어져있고�

722212111 =+−− zzzzzzzz 을� 만족한다.� 1z 은� 복소수평면에서�

점�A에�대응하고� 2z 는�복소수평면에서�점�B에�대응하고�점�O는�

자리표원점이라고�할�때�△OAB의�면적을�구하여라.�

3)Ã자체시험문제Ã

－Ã빈칸채우기문제Ã

1.�복소수� ( )( )( )iiii +++− 14232 의�절대값은�����이다.�

2.� =








+
+









+
+−

19884

1
2

321
32

ii
i

�����

3.�A＝{ }C,2 ∈= zzz ,�B＝{ }C,22 ∈=− zzz 일�때�A∩B＝�����

4.�방정식� ziiz +=+− 12 99
의�풀이는�����이다.�

5.�벡토르�OZ에�대응하는�복소수는� i+−1 이다.�OZ를�시계바늘반대방

향으로� °120 �돌려�OZ1을�얻었다.�벡토르�ZZ1에�대응하는�복소수

는�����이다.�

－Ã선택문제Ã

6.� 21 , zz 가�복소수라고�할�때� 21 zz + 가�실수이기�위하여서는� 21 , zz
의�공액복소수는�(���)이다.�

A.�충분조건� � � B.�필요조건�

C.�필요충분조건� � D.�우의�답은�아니다.�
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7.� πθπ
<<

4
3

일�때�복소수�
θθ
θθ
2sincos

sincos
i
i

−
+

의�엄지각은�(���)이다.�

A.� θπ 32 − � � B.� πθ 23 − � � C.� θ3 � � D.�θ �
8.� x가�방정식� 13 =x ( C∈x )의�한개�풀이이고�적�( )( )22 11 xxxx −++−

은�(���)과�같다.�

A.�1�� � B.�2�� � C.�4� � D.�1�또는�4�

9.�복소수 
3

sin
3

cos ππ i+ 를 n제곱하여 얻은 적이 그의 공액복소수와 

같으면 n의 값은 (���)이다.�

A.�3�� B.�12� � C.� 16 −k � D.� ( )Z∈+ kk 16 �

10.� 1z 는� 복소수평면의�임의의� 점이고� z 의� 절대값이� 1인� 임의의�

12 zzw −= 이면�w가�표시하는�점의�자리길은�(���)이다.�

A.�원의�중심이� 1z 이고�반경이�1인�원�

B.�원의�중심이� z− 에�대응하는�점이고�반경이�1인�원�

C.�원의�중심이�
2
1z 에�대응하는�점이고�반경이�

2
1
인�원�

D.�원의�중심이�
2
1z− 에�대응하는�점이고�반경이�

2
1
인�원�

－Ã해답문제Ã
11.�다음�조건을�만족하는�복소수� z 에�대응하는�점의�모임이�표시하

는�구역을�그려라.�

1)� 32 <−≤ iz �

2)� ≤−− iz 12 4이고� ππ
4
5arg

4
3

≤≤ z �

12.�복소수평면에서� )0( >= aaz 이라고�하자.�복소수� 







+

22
1 2az 이�

표시하는�점의�자리길을�구하여라.�

13.� 211 ,1 zzz ≠= 이면� 1
21

21 =
−
−
zz
zz

임을�증명하여라.�

14.�방정식� )log1(log322 66 yixiyx −=+−+
의�실수풀이를�구하여라.�
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8.Ã순렬과Ã조합,Ã2마디공식Ã

1)Ã문제풀이방법Ã

례�1.�5명에게�5가지의�서로�다른�일을�맡기려고�한다.�

1)�지정된�한�사람에게�그가운데서�2가지�일이�차례지지�않

도록�하는�방법은�몇가지인가?�

2)�어떤�한�사람에게는�첫번째�일이�차례지지�않게�하고�다

른�또�한�사람에게는�두번째�일이�차례지지�않도록�하는�

방법은�몇가지인가?�

(풀이)�1)�지정된�한�사람에게�2가지�일을�제외한�3가지�일가운데

서�한가지를�맡기는�방법은�
1
3A ,�나머지�4명에게�나머

지�4가지�일을�맡기는�방법은�
4
4A �

따라서�총�방법은�
1
3A ·

4
4A ＝72(가지)이다.�

2)�마찬가지�방법으로�첫�사람이�첫번째�일을,�둘째�사람이�

두번째�일을�맡을수�없다고�하자.�5명에게�5가지�일을�

맡기는�방법은�
5
5A 이다.�

그가운데서�첫�사람이�첫번째�일을,�둘째�사람이�두번째�

일을�맡는�방법은�
3
3A �

또�첫사람이�첫번째�일을�맡고�둘째�사람이�두번째�일을�

맡지�않는�방법은�
4
4A －

3
3A �

∴�
5
5A －

3
3A －2(

4
4A －

3
3A )＝

5
5A －2

4
4A ＋

3
3A ＝78(가지)�

례�2.�매개�수자가�서로�다르며�1의�자리수와�천의�자리수와의�차

의�절대값이�2인�네자리수는�몇개인가?�

(풀이)�천의�자리수와�1의�자리수는�다음의�8개�묶음으로�된�모임

들가운데서�선택가능하다.�

{9,�7},�{8,�6},�{7,�5},�{6,�4},�{5,�3},�{4,�2},�{3,�1},�

{2,�0}�

마지막�묶음은�0이�천의�자리수로서�불가능하다.�

∴�(C
1
7· 12

2 +A ) 8402
8 =⋅A (개)�

례�3.�어떤�학급에�남학생�20명과�녀학생�15명이�있다.�5명을�선출

하여�그가운데서�적어도�2명이�녀학생이�되게�하는�선발방법

은�몇가지인가?�

(풀이)�C
2
15·C

3
20＋C

3
15 ·C

2
20＋C

4
15 ·C

1
20＋C

15
15＝236453(가지)�
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(다른�방법)�C
5
35 －C

5
20 －C

4
20 ·C1

15＝236453(가지)�

례�4.�수렬� { }na 이�있다.� ( ) 11 −−= n
na C

( )12
100

−n
일�때�첫째�마디부터�

51번째�마디까지의�합을�구하여라.�

(풀이)�S51＝1－C
2
100 ＋C

4
100 －C

6
100 ＋C

8
100 －�…�＋ ( ) 11 −− k

C
( )12

100
−k
＋…

＋C
100
100 �

한편� ( ) 50100 21 −−=+ i �

( )1001 i+ ＝1＋C i1
100 ＋C

22
100 i ＋C

33
100 i ＋…＋C

100100
100 i �

＝1＋C i1
100 －C

2
100 －C i3

100 ＋C
4
100 ＋C i5

100 �

－C
6
100 ＋…＋C i97

100 －C
98
100 －C i99

100 ＋C
100
100 �

＝(1－C
2
100 ＋C

4
100 －C

6
100 ＋…＋C i97

100 －C
98
100 ＋C

100
100 )�

＋ i (C 1
100 －C

3
100 ＋C

5
100 －C

99
100 )�

두�복소수가�서로�같으므로�실수부도�서로�같다.�

∴�1－C
2
100 ＋C

4
100 －C

6
100 ＋�…�＋C i97

100 －C
98
100 ＋C

100
100 ＝

502− �

례�5.�
12002 을�5로�나눌�때�나머지는�얼마인가?�

(풀이)� ( ) +=+== 4004004001200 53582 C
13991

400 35 ⋅ ＋…＋
4003 �

2마디전개식에서�앞의�400마디는�5의�배수이므로�
4003 을�5

로�나눌�때�나머지를�구하면�된다.�

( ) ++×== 100100400 1165813 C ( ) 1165 991
100 ++× L �

따라서�구하려는�나머지는�1이다.�

2)Ã련습문제Ã

－Ã빈칸채우기문제Ã

1.�A
m
n ＝272,�C

m
n ＝136일�때� =n ����,� =m ����이다. 

2.�5개의�수자�1,�2,�3,�4,�5가운데서�2개�수를�취하여�밑수와�진수로�하

는�로그수를�만드는데�서로�다른�수는����개�만들수�있다.�

3.�
1099 을�100으로�나눈�나머지는����이다.�

4.� ( )62−x 의�전개식에서�다섯째�마디가�480이다.�이때� =x ����이다.�

5.� ( ) ( ) ( ) ( )1032 1111 xxxx ++++++++ L 의�전개식에서�
2x 의�곁수의�

총합은�����이다.�
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－Ã해답문제Ã

6.�평면�M에서�4개의�점을�잡고�평면�N에서�5개의�점을�잡아�이�9개

의�점으로�다음의�도형을�최대로�몇개�만들수�있는가?�

1)�직선����2)�평면�����3)�3각뿔�����4)�4각뿔�����5)�5각뿔�

7.�남학생�9명(A,�B,�C,�D,�E,�F,�G,�H,�I)과�녀학생�7명( a ,�b ,�
c ,�d ,� e ,� f ,� g )가운데서�5명의�선수를�선출하는�방법에서�

1)�한명의�녀학생이�있는�경우�

2)�적어도�한명의�녀학생이�있는�경우�

3)�기껏�2명의�녀학생이�있는�경우�

4)�남학생�A가�없는�경우�

5)�녀학생�a와�남학생�A가�반드시�있는�경우�

6)�녀학생� ba, �두명가운데서�한명만�있는�경우�

7)�녀학생이�짝수명�있는�경우�

는�각각�몇가지�있는가?�

8.� nm, 에�관한�방정식�C
1−m

n ：C
m
n ：C

1+m
n ＝2：3：4를�풀어라.�

9.�안같기식�

1)� xA 3
3＜A

3
x �

2)�C
x2

24 ＜C
22

24
−x
�

을�풀어라.�

10.�

18

3
19 








−

x
x 의�전개식에서�상수마디는� ( ) nba 2+ 의�곁수들의�합

보다�2�180만큼�크다.� ( ) nba 2+ 의�전개식에서�곁수가�최대인�마

디를�구하여라.�

11.� ( )92 zyx ++ 의�전개식에서�
432 zyx 의�곁수를�구하여라.�

12.�n이�자연수일�때� ( ) nn n 419 +> 임을�증명하여라.�

3)Ã자체시험문제 

－Ã선택문제Ã

1.�1－9까지�9개의�자연수들가운데서�임의로�3개�수를�취하여�만든�수

의�묶음� ( )cba ,, 가�반드시� cba >> 를�만족하게�되는�서로�다른�

수의�묶음은�(���)개이다.�

A.�21� � B.�28� � C.�84� � D.�343�



�

�126�

2.�

10
12 







−
a

a 의�전개식에서�곁수가�최대인�마디는�(���)이다.�

A.�여섯번째���B.�다섯번째���C.�다섯,�여섯번째���D.�일곱번째�

3.� n이�자연수일�때�C
n

n 2
0 ⋅ －C

11 2 −⋅ n
n ＋C

22 2 −⋅ n
n ＋…＋ ( )n1− C

02⋅mn 은�

(���)과�같다.�

A.�0�� � B.�1�� � C. ( )n1− � � D.�
n2 �

－Ã해답문제Ã

4.�n에�관한�안같기식� 42
A
A

2 1
1

1
1 ≤< −
−

+
+
n
n

n
n 를�풀어라.�

5.�학생�25명이�5행5렬로�대렬을�지으려고�한다.�그가운데서�3명이�

서로�다른�행,�서로�다른�렬에�서게�하는�방법은�몇가지가�있는가?�

6.�
nyx )( + 의�전개식에서�3,�4,�5번째�마디의�값이�각각�168,�－70,�

2
35

이다.� nyx ,, 을�구하여라.�

�
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그림�9－2�

D

E�

F�

C�

A

B

9.Ã평면도형Ã

1)Ã문제풀이방법Ã

례�1.�△ABC에서�정점�A에서�BC에�그은�수직선과�정점�B로부터�

CA에�그은�수직선의�사귐점을�H라고�하고�AH,�AB,�BC의�

가운데점을�각각�L,�M,�N이라고�하면�∠LMN＝∠R라는것

을�증명하여라.(그림�9-1)�

(풀이)�△ABH에서�M,�L은�각각�변�AB,�AH의�가운데점이므로�

ML∥BH�

△ABC에서�M,�N은�AB,�BC의�가운데점이므로�

MN∥AC�

그런데�BH⊥AC이므로�ML⊥MN�

∴�∠LMN＝∠R�

�

�

�

�

�

�

�

�

례�2.�AB≤AC인�△ABC의�변�AB에�점�D를�그리고�AC의�연장선

에�점�E를�BD＝CE�되게�잡으면�DE＞BC라는것을�증명하여

라.(그림�9-2)�

(풀이)�평행4변형�BDEF를�만들고�CF를�맺으면�

CE＝DB＝EF�

∴�∠ECF＝∠EFC�� ①�

또한�∠CED<∠C≤∠B(바깥각의�성질)�

∴�∠CED＜∠B� � ②�

여기서�∠BCE＝∠A＋∠B�

∠EFB＝∠BDE＝∠A＋∠CED�

식�②로부터�∠BCE＞∠EFB�

식�①로부터�∠BCF＞∠BFC�

∴�BF＞BC�

BF＝DE이므로�DE＞BC�

례�3.�4각형�ABCD에서�네�변과�대각선의�가운데점을�각각�P,�Q,�

R,�S,�M,�N이라고�하자.�이때�PR,�QS,�MN은�한�점을�지

그림�9－1�

H

L

N
C

A

B�

M�
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난다는것을�증명하여라.�

(풀이)�변�AB,�BC,�CD,�DA,�BD,�AC의�가운데점을�각각�P,�Q,�

R,�S,�M,�N이라고�하자.(그림�9-3)�

△BAC에서�P,�Q는�각각�변�BA,�BC의�가운데점이므로�

PQ∥AC�

마찬가지로�SR∥AC�

∴�PQ∥SR,�PS∥QR�

4각형�PQRS는�평행4변형이다.�

△ABC에서�P,�N은�각각�변�AB,�AC의�가운데점이므로�

PN∥BC�

마찬가지로�MR∥BC�

∴�PN∥MR�

∴�PM∥NR�

따라서�4각형�PMRN은�평행4변형이다.�

□PQRS에서�변�QS의�가운데점은�변�PR의�가운데점과�일

치하고�□PMRN에서�MN의�가운데점은�변�PR의�가운데점

과�일치한다.�

따라서�PQ,�QS,�MN은�한�점을�지난다.�

�

�

�

�

�

�

�

�

�

례�4.�4각형�ABCD의�대각선�AC의�가운데점을�M이라고�하면�

S△BMD＝ BCDΔABD SS ∆−
2
1

�

임을�증명하여라.(그림�9-4)�

(풀이)�S△ABM＝S△BCM,�S△ADM＝S△DCM이므로�

S4각형ABMD＝S4각형CBMD�

4각형�ABMD가�볼록일�때�4각형�CBMD는�오목이므로�

S△ABD＋S△BMD＝S△BCD－S△BMD�

∴�2S△BMD＝S△BCD－S△ABD�

4각형�CBMD가�볼록인�경우도�마찬가지로�

그림�9－3�

C

A�

B�

D

P�

S�

Q

R

N

M

그림�9－4�

C�

A

B�

D�

M
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그림�9－6�

A

B� C�

D�

O

E
F�

G

그림�9－5�

C

A� B2B1

b �
a a

2c

1c �
D

2S△BMD＝S△ABD－S△BCD�

∴�2S△BMD＝ BCDΔABD SS ∆−
2
1

�

례�5.�두�변� ba, 와�변� a의�맞은각�A가�주어졌을�때�3각형을�그

리면�두�3각형을�얻는다.�이�3각형의�셋째�변을� 21 , cc 라고�

하면� 21
22 ccab += 라는것을�증명하여라.�

(풀이)�변� b 와�∠ A를�함께�가지도록�두�3각형�AB1C와�AB2C를�

그리고� B1C＝B2C＝a,� CA＝b,� AB1＝c1,� AB2＝c2라고�하

자.(그림�9-5)�

정점�C에서�AB1에�그은�수직선의�밑점을�D라고�하였을�때�

B1C＝B2C로부터�D는�B1B2의�가운데점이다.�이때�
2

1
2 CBAC −=− 22 ab �

2
1

2 DBAD −= �

( )( )DBADDBAD 11 −+= �

이고�B1D＝B2D이므로�

( )( ) 2ABABDBADDBAD 111 ⋅=−+ �

∴� 212
22 ccab =⋅=− ABAB1 �

∴� 21
22 ccab += �

�

�

�

�

�

�

�

�

�

례�6.�평행4변형�ABCD의�대각선�AC,�BD의�사귐점을�O라고�하고�

O와�변�AB의�임의의�점�E를�맺고�DE와�AO의�사귐점�F와�

B를�맺는다.�변�BF,�OE의�사귐점과�A를�맺는�직선과�BD가�

사귀는�점을�G라고�하면�G는�△ABC의�무게중심이라는것을�

증명하여라.(그림�9-6)�

(풀이)�△ABO에서�AG,�BF,�OE는�한�점에서�사귀므로�체바의�정

리에�의하여�
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A�

B�

C D�

E�
F�

그림�9－7�

1=⋅⋅
EB

AE

FA

OF

GO

BG
�

또한�E,�F,�D는�한�직선에�놓이므로�

1=⋅⋅
EB

AE

FA

OF

DO

BD
�

∴�
DO

BD

AE

EB

OF

FA

GO

BG
=⋅= �

따라서�점�O는�평행4변형의�대각선의�사귐점이므로�

1

2

DO

BD
= �

즉�
1

2

GO

BG
= �

점�O는�변�AC의�가운데점이고�G는�변�BO를�2：1로�내분하

므로�△ABC의�무게중심이다.�

례�7.�한�변의�길이가�a인�바른5각형의�대각선의�길이를�구하여라.�

(풀이)�바른5각형을�ABCDE라고�하고�대각선�AC,�BD를�그으면�

△ABE,�△BCA에서�

EA＝AB＝BC,��

∠EAB＝∠ABC＝108°�

∴�△ABC≡△BCA�� ∴�BE＝CA�

마찬가지로�다른�대각선도�모두�같으므로�변�AC의�길이를�

구한다.�

AB＝BC,�∠ABC＝108°�

∠BAC＝
2
1
(180°－108°)＝36°�

같은�방법으로�∠BAC＝36°이므로�변 AC,�BE의�사귐점을�

F라고�하면 

∠CBF＝108°－36°＝72°�

∠CBF＝36°＋36°＝72°�

CF＝BC＝ a �
또한�△FAB∽△BCA이므로�

AC

BC

AB

FA
= �

FA·AC＝AB·BC�

AB＝BC＝CF＝ a이므로�AC＝ x라
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A�

B� C�P�

Q�

R

그림�9－8�

고 하면 
FA= ax −  
( ) 2axax =− �

022 =−− aaxx �

∴� ax
2

51±
= �

례�8.�△ABC의�밑변�BC의�한�점�P로부터�변�AB,�AC에�각각�평

행으로�직선�PQ,�PR를�긋고�변�AC,�AB의�사귐점을�각각�

Q,�R라고�하여�□ARPQ를�만들�때�그�면적이�가장�크게�되

는�점�P의�자리표를�구하여라.�

(풀이)�S□ARPQ＝S△ABC－S△RBP－S△QPC�

△ABC∽△RBP∽△QPC이므로�BC＝ a ,�BP＝ x로�놓으면�

( )2
∆PQC

2
∆RBP

2
∆ABC SSS

xaxa −
== �

S△RBP＝ 2

2

a
x

S△ABC�

S△QPC＝
( )

2

2

a
xa −

S△ABC�

S□ARPQ＝
( )








 −
−− 2

2

2

2

1
a
xa

a
x

S△ABC�

＝2S△ABC
( )

2a
xax −
�

이때� 2

2
a
S
는�일정하며� ( )xax − 는�

2
ax = 일�때�가장�큰�값을�

가진다.�

따라서�□ARPQ의�면적은�
2
ax = 일�때�즉�P가�BC의�가운

데점일�때�가장�크게�된다.�

례�9.�△ABC의�외접원�O의�원둘레의�한�점�P로부터�BC,�CA,�

AB�또는�그�연장선에�그은�수직선의�밑점을�각각�L,�M,�N

이라고�하면�세�점�L,�M,�N은�한�직선에�놓인다는것을�증명

하여라.�

(풀이)�원에�내접하는�4각형�ABPC에서�
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O�

B L�

N�

P A�
M�

그림�9－9�

C�

∠NBP＝∠ABP＝∠MCP� ① 
또한�△NBP와�△MCP에서�식�①이�성립하고�한편�

∠BNP＝∠CMP＝90°이므로�

∠NPB＝∠MPC� � � ②�

∠BNP＝∠BLP＝90°이므로�네�점�B,�P,�L,�N은�한�원둘

레에�놓인다.�

∠BLN＝∠NPB� � � ③�

또한� ∠CMP＝∠CNP＝90°이므로� 네�

점�C,�M,�P,�L은�한�원둘레에�놓인다.�

∠CLM＝∠MPC� � � ④�

식�②, ③, ④로부터�

∠BLN＝∠CLM�

한편�∠BLN과�∠CLM은�변�BC의�반

대쪽에�있으므로�세�점�L,�M,�N은�한�

직선에�놓인다.�

례�10.�△ABC의�변�BC의�가운데점을�M이라고�하고�점�A,�M을�

지나는�임의의�원둘레가�변�AB,�AC를�자르는�점을�각각�

D,�E라고�할�때�점�B,�D,�M을�지나는�원과�점�C,�E,�M

을�지나는�원은�반경이�같으며�서로�접한다는것을�증명하

여라.�

(풀이)�변�EM의�연장선이�점�B,�D,�M을�

지나는�원둘레와�사귀는�점을�F라

고�하고�점�M,�D를�맺자.�

원에�내접하는�4각형�ADME에서�

∠CEM＝∠ADM�

원에�내접하는�4각형�BDMF에서�

∠ADM＝∠BFM�

∴�∠CEM＝∠BFM� � ① 
또한�∠CME＝∠BMF(맞문각)� ②�

△CEM과�△BFM에서�식�①,�②가�성립하고�한편 BM＝

MC이므로�

△CEM≡△BFM�

따라서�점�B,�F,�M을�지나는�원�즉�점�B,�D,�M을�지나는�

원과�점�C,�E,�M을�지나는�원은�합동인�3각형의�외접원으

로서�같다.�

다음으로�점�M에서�점�C,�E,�M을�지나는�원의�접선�TMS

를�그으면�

D

B C�

A�

M�

그림�9－10�

E�
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O�

X Y�

X′Y′
그림�9－11�

A
P�

H K�
B�R

Q

∠SMB＝∠TMC＝∠CEM�

한편�식�①로부터�∠SMB＝∠BFM�

그러므로�직선�TMS는�점�B,�D,�M을�지나는�원에�접하며�

따라서�점�B,�D,�M을�지나는�원과�점�C,�E,�M을�지나는�원

은�서로�접한다.�

례�11.�사귀는�두�직선으로부터의�거리의�합이�일정한�점의�자리길

을�구하여라.�

(풀이)�점�O에서�사귀는�두�직선을�XX′ ,�YY′라고�하고�∠XOY안

에서�생각하자.�

반직선�OX에�점�A를�찍고�점�A로

부터�직선�YY′에�수직선�AQ를�그

어�AQ＝ a (일정)되게�하면�A는�일

정한�점이다.�

∠XOY안에�조건에�맞는�임의의�점�

P를�잡고�점�P로부터�반직선�OX,�

OY에�각각�수직선�PH,�PK를�긋고�AQ에�수직선�PR를�그

으면�

PK＋PH＝a (일정)�

AP의� 연장선과� 반직선� OY가� 사귀는� 점을� B라고� 하면����

△APH,�△PAR에서�

PK＋PH＝RQ＋AR�

PK＝RQ이므로�PH＝AR�

또한�AP는�공통변이고�∠AHP＝∠PRA�

∴�△APH≡△PRA�

∴�∠HAP＝∠PAR�

그런데 PR∥BQ이므로 ∠OAB＝∠OBA�

∴ AO＝BO�

즉 점 P는 일정한 선분 AB에 있다.�거꾸로 선분 AB의 임
의의 점을 P라고 하고 P로부터 OX,�OY,�AQ에 각각 수직

선 PH,�PK,�PR를 그으면 △APH,�△PAR에서 ∠AHP＝

∠PRA,�∠HAP＝∠RPA,�AP는 공통 
∴�△APH≡△PAR�

∴�PH＝AR�

이로부터�

PH＋PK＝AR＋RQ＝AQ＝ a �
즉�점�P는�조건에�맞는다.�

각�∠X′OY,�∠X′OY′ ,�∠XOY′안에서도�우와�같은�방법
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으로 생각할수 있으므로 구하려는 자리길은 직4각형 ABCD
의 둘레이다.�

례�12.�한�직선에�세개의�일정한�점�A,�B,�C가�차례로�주어졌을�때�

∠APB＝∠BPC�

인�점�P의�자리길을�구하여라.�

(풀이)�1)�AB＜BC인�경우�

주어진�직선에�

BC

AB

DC

AD
= �

로�되는�점�D를�찍는다면�D는�일정한�

점이다.�

조건에�맞는�점�P를�찍으면�선분�BP

는�∠APC의�2등분선이다.�따라서�

BC

AB

PC

PA
= (일정)�

이로부터�점�P는�일정한�선분�BD를�직경으로�하는�원둘레

에�놓인다.�

거꾸로�이�원둘레의�임의의�점을�P라고�하자.�

∠BPD＝∠R�또는�∠CPB＝∠ ABP ′로�되는�점�A′는�선분�

BD를�직경으로�하는�원둘레에�놓인다.�

거꾸로�이�원둘레의�임의의�점을�P라고�하자.�

∠BPD＝∠R�또는�∠CPB＝∠ ABP ′로�되는�점�A′를�선분�

BD에�찍으면�PD는�∠ PCA′ 의�바깥각의�2등분선이다.�

따라서�

AC

PC

BA

BC

AP

PC

′
=

′
=

′
�

∴�
AD

BA

DC

BC

′

′
= �

그런데�
DA

DC

AB

BC
= 이므로�

DA

AB

DC

BC
= �

∴�
DA

AB

AD

BA
=

′

′
�

A,�A′는�선분�BD의�점이므로�일치한다.�

따라서�∠APB＝∠BPC이므로�조건에�맞는다.�

A

그림�9－12�

B� C�

P�
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P�

B

C�
A

D�

그림�9－14�

E�

O�

따라서�구하려는�자리길은�일정한�선분�BD를�직경으로�하

는�원둘레이다.�여기서�점�B,�D는�제외한다.�

2)�AB＞BC인�경우�

우와�같은�방법으로�생각할수�있다.�

3)�AB＝BC인�경우�

자리길은�선분�AC의�수직2등분선이다.�여기서�점�B는�제외

한다.�

례�13.�일정한�직선�XY에�대하여�같은쪽에�일정한�두�점�A,�B가�

있다.�XY에서�한�점�P를�구하되�∠APX－∠BPY＝α(일정

한�각)로�되게�하여라.�

(풀이)� 점� P가� 구해졌다고� 하고� 직선�

XY에�관한�점�B의�대칭점�B′를�

찍은�다음� PB′ 의�연장선에�점�C

를�잡으면�

∠APC＝∠APX－∠CPX�

＝∠APX－ PYB′∠ �

＝∠APX－∠BPY＝α�

∴� α−°=′∠ 180BAP �

그리기]�직선 XY에 관한 점 B의 대칭점 B′를 찍고 AB′를 
활줄로 하여 α−°180 를�포함하는�활등을�X방향으

로�만들어�직선�XY와의�사귀는�점을�P라고�하면�P

가�구하려는�점이다.�

례�14.�일정한�두�점�A,�B를�지나면서�일정한�원�O에�접하는�원을�

그려라.�

(풀이)�구하려는�원과�주어진�원�O와

의�접점을�C라고�하고�C에서의�

공통접선과�직선�AB가�사귀는�

점을�P라고�하자.�

점�P로부터�원�O에�임의의�가

름선�PDE를�그으면�

PD·PE＝PC2＝PA·PB�

이므로�점�A,�B,�C,�D는�같은�

원둘레에�있다.�

따라서�점�P는�선분�AB와�DE의�사귐점으로�점�P가�정해

진다.�

그리기]�점�A,�B를�지나며�원�O와�사귀는�하나의�원을�그리

고�그�사귀는�점들을�D,�E라고�하자.�

X

그림�9－13�

B�A C

B′ �

P� Y�
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그림�9－15�

B�
A

B′ �

P�X Y�

선분�AB와�DE가�사귀는�점�P로부터�원�O에�접선

을�긋고�접점을�C라고�하면�세�점�A,�B,�C를�지나

는�원은�구하려는�원이다.�

증명]�PC2＝PD·PE＝PA·PB�

따라서�세�점�A,�B,�C를�지나는�원은�점�C에서�선분�

PC에�접하고�또�점�C에서�원�O에�닿는다.�

음미]�풀이는�일반적으로�2개�있다.�

례�15.�일정한�직선�XY의�같은쪽에�일정한�두�

점�A,�B가�있다.�직선�XY에서�점�P를�

구하되�AP＋BP를�가장�작게�하여라.�

(풀이)�그리기]�점�B의�직선�XY에�관한�대칭점

B′를�찍고�AB′와�XY가�사귀는�

점을�P라고�하면�P는�구하려는�

점이다.�

증명]�직선�XY에서�점�P밖의�임의의�점을�P′라고�하면��

BP＝B′P,�BP′＝B′ P′ �
∴ PBPAPBPA ′+′=′+′  

BPAPPBAPBA +=′+=′>  
따라서�AP＋BP는�가장�작다.�

2)Ã련습문제Ã

－Ã선택문제Ã
1.�다음의�4개�명제들가운데서�정확한것은�(���)이다.�

1)�대응하는�두�변과�그가운데서�대응하는�한�변에�그은�가운데선

들이�각각�서로�같은�두�3각형은�합동이다.�

2)�대응하는�두�각과�그가운데서�대응하는�한�각의�2등분선이�각각�

서로�같은�두�3각형은�합동이다.�

3)�대응하는�두�변과�나머지�변에�그은�높이가�각각�서로�같은�두�

3각형은�합동이다.�

4)�대응하는�두�변과�그�사이각의�2등분선이�각각�서로�같은�두���

3각형은�합동이다.�

A.�1),�2),�3)�� � B.�1),�2),�4)�

C.�1),�3),�4)�� � D.�2),�3),�4)�

2.�다음�명제들가운데서�정확한것은�(���)이다.�

A.�대각선이�서로�같은�평행4변행은�직4각형이다.�

B.�한�쌍의�맞은변이�평행이고�한�각이�직각인�4각형은�직4각형이다.�

C.�대각선이�서로�수직인�평행4변형은�직4각형이다.�
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D.�대각선이�서로�같은�4각형은�직4각형이다.�

－Ã해답문제Ã
3.�어떤�도형과�그를�회전이동하여�얻은�다른�도형만이�주어졌을�때�

회전중심과�회전각을�찾을수�있는가?�

4.�직2등변3각형�ABC의�정점�A로부터�밑변�BC에�평행인�직선을�C쪽

으로�긋고�그�직선에�점�E를�BE＝BC�되게�잡는다.�AC,�BE의�사귐

점을�F라고�하면�3각형�CEF는�2등변3각형이라는것을�증명하여라.�

5.�평행4변형의�아낙각의�2등분선들은�린접한�두�변의�차와�같은�대각

선을�가진�직4각형을�만든다는것을�증명하여라.�

6.�3각형의�한�정점에서�나가는�2등분선,�가운데선,�높이의�연장선과�

외접원둘레와의�세�사귐점들을�알고�그�3각형을�그려라.�

7.�직4각형�ABCD에서�AB＝ a ,�BC＝2a이고�정점�D로부터�AC에�그

은�수직선의�밑점을�E라고�할�때�BE의�길이를�a로�표시하여라.�

8.�4각형�ABCD에서�AB2＋CD2＝CD2＋DA2이면�정점�B,�D는�대각선�

AC의�가운데점으로부터�같은�거리에�있다는것을�증명하여라.�

9.�반경이� a인�원�O에서�그�반원둘레�AB를�6등분하여�생기는�점들가

운데서�A�또는�B에�가장�가까운�점�P�및�Q를�맺는�활줄�PQ를�

직경으로�하는�원�O′를�그리자.�이때�O와�O′의�부분으로�둘러싸

인�두�초생달모양의�면적� 21 , SS 의�합을�구하여라.�

10.�일정한�원�O안의�일정한�점�A를�잡고�원둘레를�따라�움직이는�점

을�Q로�하였다.�AQ＝QP로�되는�점�P를�AQ의�연장선에�찍었을�

때�점�P의�자리길을�구하여라.�

3)Ã자체시험문제Ã

－Ã선택문제Ã
1.�다음�명제들가운데서�정확한것은�(���)이다.�

A.�합동인�두�3각형은�점대칭이다.�

B.�대각선이�서로�2등분되는�4각형은�점대칭도형이다.�

C.�대각선이�서로�수직인�4각형은�축대칭도형이다.�

D.�두�3각형의�대응하는�점들을�련결할�때�한�점을�지나면�이�두�

3각형은�점대칭이다.�

－Ã해답문제Ã
2.�3각형�ABC에서�무게중심을�G,�내심을�I라고�할�때�GI가�BC에�평

행이면�이�3각형은�어떤�3각형인가?�

3.�평행인�직선�AB,�CD와�그사이에�두�점�E,�F가�있다.�등변4각형을�

그리되�두�변은�평행인�직선에�있고�나머지�두�변은�각각�주어진�

점들을�지나도록�하여라.�
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그림�9－16�

A B�
C

D�

4.�일정한�선분�AB의�일정한�점을�C라고�하자.�점 C를 지나 AB에 
수직으로 그은 직선의 임의의 점을 P라고 하고 직선 AP,�BP에 점 
C로부터 내린 수직선의 밑점을 각각 Q,�R라고 하면 직선 QR는 
늘 일정한 점을 지나든가 또는 늘 AB에 평행임을 증명하여라. 

5.�3각형�ABC의�변�BC의�한�점�P로부터�변�AB,�AC에�각각�평행인�

직선을�그어�AB,�AC와의�사귐점을�각각�Q,�R라고�하여�평행4변

형�ARPQ를�만들�때�그�면적이�가장�크게�되는�점�P의�자리를�구

하여라.�

6.�한�직선에�세�점�A,�B,�C가�차례로�있다.�점�

A로부터�점�B와�C를�지나는�원둘레에�접선

을�그었을�때�접점�P의�자리길을�구하여라.�

7.�그림�9－16에서�빗선친�부분의�면적과�원의�

면적의�비는�CD：AB이다는것을�증명하여라.�

8.�△ABC의�밑변�BC에�두�점�D,�E를�BD＝

CE되게�잡으면�

AB＋AC＞AD＋AE�

임을�증명하여라.�

9.�이웃한�두�변의�길이가� ( )baba >, 인�직4각형�ABCD의�정점�C가�

A에�겹치도록�접었을�때�그�접어서�생긴�선의�길이를�구하여라.�

�
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α

그림�10－1�

γ �

β �

a �
b �c

A�

B�

O�

C

그림�10－2�

α

β a �
γ

b �

10.Ã공간도형Ã

1)Ã문제풀이방법Ã

례�1.�둘씩�서로�사귀는�4개의�직선은�최대로�몇개의�평면을�이루

는가?�

(풀이)�둘씩�서로�사귀는�4개의�직선은�4가지�경우로�갈라볼수�있다.�

첫�경우:�둘씩�서로�사귈�때�사귐점이�서로�다르다.�즉�6개

의�사귐점을�지난다.�이때�4개의�직선은�1개의�평

면만을�결정한다.�

둘째�경우:�4개�직선이�공통점을�가지며�4개�직선이�한�평면

에�놓인다.�이때에도�1개�평면만을�결정한다.�

셋째�경우:�4개의�직선이�공통점을�가지며�세�직선이�한�평

면에�놓인다.�이때에는�4개의�평면을�결정한다.�

넷째�경우:�4개의�직선이�공통점을�가지며�세�직선이�한�평

면에�놓이지�않는다.�이때에는�6개의�평면을�결

정한다.�

따라서�최대로�만들수�있는�평면은�6개이다.�

례�2.�세개�평면이�둘씩�서로�사귀며�세개의�서로�다른�사귐선을�

가진다는것을�증명하여라.�

(증명)�세�평면을� γβα ,, 라고�하고�

cba === αγγββα III ,, �

라고�하자.�

한�평면에�놓이는�두�직선은�서로�사

귀거나�평행이므로��

(1)� =ba I O라고�하면�

γ⊂b �

이므로�O αγ ⊂∈ a, 이다.�

αγα I=∈ c,O 이므로�

c∈O �

따라서� cba ,, 는�O에서�사귄다.�

(그림�10-1)�

(2)� a∥ b 라고�하면� γγ ⊄⊂ ab ,
이므로�a∥γ 이며�a∥c이다.�

따라서� cba ,, 는�서로�평행이

다.(그림�10-2)�
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그림�10－4�

A�B�

C

D E�

F�

G�

P�

A�

B�

F

D

G�

C�

E�

그림�10－3�

례�3.�바른4면체�A－BCD의�모서리의�길이가�

a이고�E,�F는�모서리�BC와�AD의�가

운데점이다.�EF와�AB가�이루는�각과�

AD와�BC사이의�거리를�구하여라.�

(풀이)�점�E를�지나�EG∥AB�되게�긋고�FG

를�맺으면�EG와�FG는�각각�△ABC와��

△ADC의�중간선이고�∠FEG는�서로�

다른� 면에� 놓이는� 직선� AB와� EF가�

이루는�각이다.(그림�10-3)�

바른4면체의�모서리길이가�a이므로�

EG＝FG＝
2
a
�

AE＝DE이므로�△ADE는�2등변3각형이다.�

AE＝ a
2
3

,�AF＝
2
a
�

EF⊥AD이므로�

EF＝ a
2
222 =−AFAE �

△EFG에서�EF2＝EG2＋FG2�

따라서�△EFG는�직2등변3각형이다.�

이로부터�∠FEG＝45°즉�EF와�AB가�이루는�각이� °45 이다.�

한편�EF⊥AD임을�알수�있다.�마찬가지방법으로�

EF⊥BC�

따라서�EF가�서로�다른�면의�직선�AD와�BC의�공통수직선

이다.�

EF＝ a
2
2

이므로�AD와�BC사이의�거리는� a
2
2

이다.�

례�4.�바른6각형�ABCDEF의�변길이는�a ,�PA
⊥바른6각형�ABCDEF,�PA＝ a이면�P

에서�BC까지의�거리를�구하여라.�

(풀이)�A에서�BC에�수직선을�긋고�그�밑점

을�G라고�하면�AG는�PG의�사영으로�

된다.�

PA가�평면의�수직선이므로�세�수직선

의�정리에�의하여�

CG⊥PG�
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그림�10－5�

A

P

B�
O�

A
B�

C�
P�

그림�10－6�

O�O′ �

PG의�길이는�P에서�BC까지의�거리로�된다.�

PA＝AB＝ a이므로�AG＝ a
2
3

�

△PAG는�직3각형이므로�

PG＝ aaa
2
7

4
3 2222 =+=+ AGPA �

례�5.�평면밖의�한�점에서�평면에�수직선과�두개의�빗선을�그었다.�

두개의�빗선과�평면이�이루는�각의�차는� °45 ,�그�빗선의�평

면우의�사영선의�길이는�각각�2cm,�12cm이다.�이�점으로부

터�평면사이의�거리를�구하여라.�

(풀이)�그림�10-5에서�수직선을�PO＝ x라고�하면�

AO＝12cm,�BO＝2cm�

2
tan,

12
tan xx

=∠=∠ PBOPAO
�

∠PBO＝∠PAO＝ °45 이므로�

( ) =∠∠ PAO-PBOtan �

°=
+

−
= 45tan

24
1

122
2x

xx

�

∴� 02410,
24

1
12
5 2

2

=+−+= xxxx
�

6,4 21 == xx �

따라서�P에서�평면까지의�거리는�4cm�또는�6cm�

례�6.�1)�평면�α 밖의�한�점�P에서�평면에�길이가�같은�3개의�빗

선을� 긋고� 그� 끝점을� 각각� A,� B,� C라고� 하고� O는������

△ABC의�외심이라고�할�때�OP⊥α 를�증명하여라.�

2)�평면 ABC밖의�한�점�P에서�△ABC

의�세�변까지의�거리가�서로�같고�O

는� 내심일� 때� OP⊥평면� ABC임을�

증명하여라.�

(증명) 1) PO′⊥평면�ABC�되게�PO′를�긋고�

O′A,� O′ B,� O′ C를�맺으면�O′A,�
O′B,�O′C는�각각�PA,�PB,�PC의�
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A B�

C�

F

P

그림�10－7�

O�

D�

O′ �

E�

A B�

그림�10－8�

C�

P�

D

S�

M

사영이다.�

PA＝PB＝PC이므로�

O′A＝O′B＝O′C�
따라서�O′는�△ABC의�외심이고�O′와�O는�일치한다.�

PO′⊥평면�ABC이므로�PO⊥평면�ABC이다.�

2)� P에서�△ABC의�세�변까지의�

거리를�각각�PD,�PE,�PF라고�

하자.(그림�10－7)�

PO′⊥평면�ABC�되게�O′를�잡

고�O′D,�O′E,�O′F를�맺자.�

이때� O′ D,� O′ E,� O′ F는�각

각�PD,� PE,� PF의�사영이고�

AB⊥PD,�BC⊥PE,�AC⊥PF

이므로�세�수직선의�정리로부터�

O′D⊥AB,�O′E⊥BC,�O′F⊥AC�

PD＝PE＝PF이므로�

O′C＝O′E＝O′F�
따라서�O′는 △ABC의�내심�즉�O′와�O는�일치한다.�

PO′⊥평면�ABC이므로�PO⊥평면�ABC�

례�7.�4각뿔�S－ABCD에서�∠A＝∠D＝ °90 ,�DC＝ a2 ,�AB＝AD

＝a ,�SD⊥밑면�ABCD,�SD＝a ,�점�M은�SA의�점이고�SM

＝ x ,�평면�CDM과�모서리�SB가�사귀는�점을�P라고�하면�

1)�4각형�DCPM은�한�각이�직각인�제형이라는것을�증명하

여라.�

2)�a와� x를�리용하여�이�제형의�면적을�표시하여라.�

3)� x가�어떤�값일�때�CM의�길이가�

최소로�되겠는가?�그리고�이�길이

를�구하여라.(그림�10-8)�

(풀이)�1)�SD⊥밑면�ABCD,�DA⊥AB이므

로�SA⊥AB�

∴�AB⊥평면�SAD�

MD⊥평면�SAD�

AB⊥MD� � ①�

평면�DCPM∩평면�SAB＝MP�

CD∥AB로부터�CD∥평면�SAB�

∴�CD∥PM� � ②�

식�①, ②,�MD∥PC,�CD⊥MD로부터�4각형�DCPM은�
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A

B�

F�

그림�10－9�

C�

P�

E�

O

D�

한�각이�직각인�제형이라는것이�얻어진다.�

2)�△SMP∽△SAB로부터�

SA

SMAB
MP

⋅
= �

x=SP ,� a=== SDADAB ,� a2CD = �

∴� a2SA = ,�∠DSM＝ °45 �

∴� x
2
2

=MP �

△DSM에서�

MD＝
22 2 aaxx +− �

∴�SDCPM＝ ( )ax 42
4
1

+ 22 2 aaxx +− �

3)�△CDM이�직3각형이므로�CD＝ a2 �

∴�CM2＝CD2＋MD2�

＝
2

2

22

2
9

2
252 aaxaaxx +








−=+− �

ax
2
2

= 일�때�CM2은�최소값을�가지며�CM의�최소값

은� a
2
3

이다.�

례�8.�바른4면체�P－ABC에서�D는�PB의�가운데점이다.�

1)�AD와�BC가�이루는�각의�크기를�구하여라.�

2)�AD와�평면�PAC가�이루는�각의�크

기를�구하여라.�

(풀이)� 1)� PC의�가운데점� E를�잡고� DE를��

맺으면�

DE∥BC�

AE를� 맺으면� ∠ADE는� AD와�

BC가�이루는�각이다.�

바른4면체모서리의�길이가� 1이라

고�하면�

AE
2

3
AD,

2

1
DE === �
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A

그림�10－10�

C�

O�
D

B�

A′ C′  

B′  

2등변3각형�ADE에서�

6

3

AD

DE
2

1

ADE ==∠cos �

∴�∠ADE＝arccos
6

3
�

2)�바른4면체의�대칭성에�의하여�AD와�평면�PAC가�이루

는�각의�크기는�AD와�평면�ABC가�이루는�각의�크기

와�같다.�P에서�평면�ABC에�수직선을�긋고�그�밑점을�

O라고�하자.�BO를�맺고�D를�지나�PO에�평행인�직선

을�그어�평면�ABC와�사귀는�점을�F라고�하면�DF⊥평

면�ABC이고� F는� BO의�가운데점이다.� AF를�맺으면�

∠DAF는�AD와�평면�ABC가�이루는�각이다.�

BO＝ 1PB,
3

3
= 이므로�

PO＝
3

6
,�DF＝

6

6
�

sin∠DAF＝
3

2

AD

DF
= �

∴�∠DAF＝arcsin
3

2
�

따라서�AD와�평면�PAC가�이루는�각은�arcsin
3

2
�

례�9.�바른3각기둥�ABC－ CBA ′′′ 의�밑면의�

한�변의�길이는� a2 ,�D는�AA′의�가

운데점이다.�

1)�△BOC′와�밑면�△ABC가�이루는�2

면각의�크기를�구하여라.�

2)�평면�BDC′⊥평면�BC BC ′′ 를�증명

하여라.�

(풀이)�1)�2면각의�크기를�구하자.�

△ABC가�△BDC′의�사영이므로�

S′＝Scosθ �즉�cosθ＝
S

S′
�
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α

그림�10－11�

β

A′  A�

B�
C�B′ C′ �

△BDC′는�2등변3각형이다.�

BC′＝ a5 �

S△ CBD ′＝
2

4
15 a �

S△ABC＝
2

4
13 a �

∴�cos
5
5

=θ �

5
5arccos=θ �

2)� B′ C를�맺고�BC′와�B′ C와의�사귐점을�O라고�하고�D,�

O를�맺으면�△BC′ D가�2등변3각형이고�B C′와� B′ C가�

서로�2등분하므로�

DO⊥BC′ ,�DO⊥B′C�
∴�DO⊥평면�BCC′ B′ �

DO⊂평면�BC′D이므로�평면�BC′D⊥평면�BB′ C′C�
례�10.�평행인�평면사이에�있는�두개�선분이�각각�13cm와�15cm이

고�한�평면에로의�사영의�합은�14cm이다.�이�두�사영의�길

이와�두�평면사이의�거리를�구하여라.�

(풀이)�AC＝13,� CA ′′ ＝15�

AB⊥β ,� BA ′′ ⊥β �

BC＋ CB ′′ ＝14�

α ∥ β 이므로�AB⊥α ,� BA ′′ ⊥α �

AB＝ BA ′′ �

BC＝ x ,� =′′CB 14－ x �
( ) 2222 141513 xx −=− �

5=x �

∴�BC＝5cm,� =′′CB 9cm�

AB＝ 12513 2222 =−=− BCAC cm�

례�11.�빗3각기둥�ABC－A1B1C1의�밑면은�길이가� a 인�바른3각형

이고�모서리�AA1와�밑면의�두�변�AB,�AC는�모두� °45 의�

각을�이룬다.�

1)�AA1⊥BC임을�증명하여라.�

2)�옆면�BB1A1A⊥옆면�CC1A1A임을�증명하여라.�
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3)�AA1와�BC사이의�거리를�구하여라.�

(증명)� 1)�∠AA1B＝∠A1AC이므로�A1O⊥평면�ABC�되게�A1O를�

그으면�AO는�∠BAC의�2등분선이다.�

AO가�AA1의�밑면�ABC에로의�사

영이므로�세�수직선의�정리로부터�

AA1⊥BC�

2)�점�A1을�지나며�선분�AA1에�수직

인� 두개의� 선분� A1D와� A1D1를�

옆면�ABB1A1,�ACC1A1에�그으면�

∠DA1D는� 2면각� B－AA1C의�평

면각이다.�

A1B1＝A1C1＝ a ,�
∠A1B1D＝∠A1C1D1＝ °45 �

∴�A1D＝AD＝ a
2
2

,�DD1＝a �

따라서�△A1DD1은�직3각형이므로�∠DA1D1은�직각이다.�

이로부터�2면각�D－AA1D1은�직2면각이다.�

따라서�옆면�BB1A1A⊥옆면�CC1A1A�

3)�△A1DD1에서�AE⊥DD1�되게�AE를�그으면�선분�AE는�

평행직선�AA1과�평행평면�BCC1B1사이의�거리이다.�

따라서�A1E의�길이�즉�서로�다른�면의�직선�AA1과�BC

사이의�거리는�

A1E＝ 2
a
�

례�12.�바른4각형�ABCD와�ABEF가�있는�

평면이�서로�수직이다.�M,�N은�각각�

선분�AC,�BF의�점이고�AM＝FN,�

AM＝ x이다.�

1)�MN∥평면�BEC임을�증명하여라.�

2)�AM과�FN이�이루는�각을�구하여라.�

3)�MN의�길이를�구하여라.�

4)� x 가�어떤�값일�때�MN이�가장�

짧겠는가?�

(풀이)�1)�점�A,�N을�련결하고�연장하여�BE와�사귀는�점을�G라고�하

고�점�C와�G를�맺으면�
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A�

B�
D

E

그림�10－15�

C�

MC

AM

NB

FN

NG

AN
== 이므로�

∴�MN∥CG�

CG⊂평면�BEC이므로�MN∥평면�BEC�

2)�AM과�FN이�이루는�각은�바른6면

체에서�서로�이웃한�두�면에서�서

로� 사귀지� 않는� 두� 대각선사이의�

뾰족각이다.(그림�10－14)�

BF를�CK로�평행이동하면�AM과�

FN사이의�각은�AC와�CK사이의�

각으로�된다.�

△ACK는�바른3각형이므로�

∠ACK＝60°�

따라서�AM과�FN사이의�각은�60°�

3)�△BCG≡△ABG이므로�AG＝CG�

∴�MN＝AN�

△AFN에서�AF＝ a ,�FN＝ x �
MN＝AN＝

o45cos222 axxa −+ �

axxa 222 −+= �

4)�MN＝
22

22
22

22 aaxaxxa +







−=−+ �

∴� ax
2
2

= 일�때�MN의�최소값은� a
2
2

이다.�

례�13.�△ABC와�△DBC가�놓이는�평면이�120°의�2면각을�이룬다.�

AB＝BC＝BD＝ °=∠=∠ 120DBCBCA,a 일 때 
1)�AD와�평면�BCD가�이루는�각의�

크기를�구하여라.�

2)�2면각�A－BDC의�크기를�구하여라.�

(풀이)�1)�점�A에서�CB의�연장선에�CB⊥

AE�되게�수직선�AE를�긋자.�그�

밑점을� E라고� 하고� D와� 맺으면�

△ABE≡△DBE이므로�

DE⊥CE,�DE＝AE�

∠AED는�2면각�A－BCD의�평면각이다.�

A

B C�

D�

E

F K�

L�

그림�10-14�

G

M�

N
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∴�∠AED＝120°�

2등변3각형�ADE에서�

∠ADE＝30°�

CE⊥AE,�CE⊥DE이므로�CE⊥�평면�ADE이고�CE⊂

평면�CDE이므로�CE⊥�평면�ADE�

점�A를�지나�평면�DBC의�수직선�AF를�그으면�F는�반

드시�DE의�연장선에�놓인다.�즉�∠ADF는�AD와�평면�

BCD가�이루는�각이다.�

∴�∠ADF＝30°�

따라서�AD와�평면�BCD가�이루는�각의�크기는�30°

이다.�

2)�변�DB를�연장하고�점�F에서�평면�DBC에�FG⊥DB�되

게�수직선을�그어�DB의�연장선과�사귀는�점을�G라고�

하고�AG를�맺자.�

AF⊥평면�BCD이고�FG⊥DG이므로�세�수직선의�정리

에�의하여�AG⊥DG�

∠ACF는�2면각�A－BDC의�평면각의�보탬각이다.�

AB＝ a ,�△ABE＝60°이므로�

AE＝ a
2
3

＝DE,�∠AED＝120°,�AF⊥DF�

AF＝
2
3
AE＝ a

4
3

,�EF＝
2
1
AE＝ a

4
3

,�

DF＝ a
4

33
,�∠FDG＝30° 

직3각형�DFG에서�FG＝
2
1
DF＝ a

8
33

�

tan∠AGF＝
3

32

FG

AF
= �

∴�∠AGF＝arctan
3

32
�

∠AGH＝π－arctan
3

32
�
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즉�2면각�A－BDC의�크기는�
3

32arctan−π 이다.�

례�14.�직6면체�ABCD－A1B1C1D1이�있다.�대각선�BD′1과�AB,�BC,�

BB′가�이루는�뾰족각이�각각� γβα ,, 이고�평면�ABCD,�

평면�BCC′B′,�평면�ABB′A′가�이루는�각이�각각�α ′ ,� β ′ ,�
γ ′이다.�

1)� 1coscoscos 222 =++ γβα �

2)� 2=sin+sin+sin 222 γα β �

3)� 2=′cos+′cos+′cos 222 γβα �

4)� 1=sin+sin+sin 222 γβα �

임을�증명하여라.�

(증명)�직6면체의�세�모서리를� ,,, cba �대각선의�길이를�l이라고�하면�

α=′∠ DAB , β=′∠ DCB , γ=′∠ BDB ,� α ′=′∠ BDD ,�

β ′=′′∠ DBC ,� γ ′=′′∠ DBA 이다.�

1)� 1coscoscos 2

2

2

2

2

2

2

2
222 ==++=++

l
l

l
c

l
b

l
aγβα �

2)� 2

22

2

22

2

22
222 sinsinsin

l
ba

l
ac

l
cb +

+
+

+
+

=++ γβα �

2
2

== 2

2

l
l

�

3)� =′cos+′cos+′cos 222 γβα �

2=
+

+
+

+
+

= 2

22

2

22

2

22

l
ac

l
cb

l
ba

�

4)� 1sinsinsin 2

2

2

2

2

2
222 =++=′+′+′

l
b

l
a

l
cγβα �

례�15.�각뿔대의�웃면의�면적은�S′ ,�아래밑면의�면적은�S이다.�각

뿔대의�높이의�한�점�P를�지나며�밑면에�평행인�자름면의�

면적을�S1이라고�하고�점�P가�각뿔대의�높이를�우로부터�아

래로�나누는�비가�λ라고 하면�

λ
λ

+
+′

=
1

SSS1 �

라는것을�증명하여라.�
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(증명)�바른4각뿔대로�보고�증명하자.�

평행인�자름면과�우,�아래밑면은�닮은�다각형이므로�

S′：S1：S＝
2

AO ′′ ：PQ2：OA2�

∴� S′： 1S ： S＝ AO ′′ ：PQ：OA�

λ
QA

QA

PO

PO
==

′′
�

A′EF∥ OO ′되도록�하면�

λ
λ+

==

==
−
−

′

′

′′−

′′−

′

′

1
1

QA

AA

EQ

AF

AQPQ

AOOA

SS

SS

�

SSSSSS ′′′ −+−=− λλλλ 11 �

1)1( SSS λλ +=+′ �

∴�
λ
λ

+
+

=
′

11
SS

S �

례�16.�각뿔의�높이는� h이고�밑면이�등변4각형이다.�두�옆면이�각

각�밑면에�수직이고�이�두�옆면사이의� 2면각은� 120°이며�

다른�두�옆면과�밑면은�각각�30°의�각을�이룬다.�이�각뿔의�

겉면적을�구하여라.�

(풀이)�옆면�VAD와�옆면�VDC는�모두�밑면에�수직이므로�

VD⊥밑면�ABCD,�VD⊥AD,�VD⊥CD�

∴�∠ADC＝120°�

밑면�ABCD에서�DH⊥AB�되게�긋고�V와�H를�맺으면�

AB⊥VH,�∠VHD＝30°�

직3각형�VHD에서�

VD＝h ,�DH＝ h3 ,�VH＝ h2 �

4각형�ABCD가�등변4각형이므로�△ABD는�바른3각형이다.�

DH＝ h3 이므로�AB＝ h2 �

S등변4각형ABCD＝AB·DH＝2
23h �

∴�S겉면적＝VH·AB＋AD·VD＋AB·DH�

＝ h2 · h2 ＋ h2 2＋
232 h ＝ ( ) 2332 h+ �

례�17.�바른3각뿔의�옆면적은� 318 cm2이고�높이는�3cm이다.�밑면 
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그림�10－16�

A

G
B�

D�

C�

F�

E

O�

P�

A B�

C�
D

E

A1
B1�

그림�10－17�

C1�
D1

F

의 중심을 지나며 한 옆면에 평
행인 평면으로 자를 때 자름면의 
면적과 그와 밑면이 이루는 각을 
구하여라.�

(풀이)�자름면�△DEF∥�옆면�PAB이므로�

9

4

CG

CO

CB

CD

S

S

2

2

2

2

ΔPAB

ΔDEF === �

S△PAB＝ 36 이므로�

S△DEF＝ 3
38

(cm2)�

S△PAB＝ 2
1
·AB·PG＝

2
1

2

6
39 







+a �

36
12

108
2

2

=
+

=
aa

�

이므로�

( )( ) 01443 22 =+− aba �

∴� 6=a �

PG＝ 32
12

1082

=
+a

,�OG＝ 3
6
3

=a �

옆면과�밑면이�이루는�2면각�∠PGC의�크기를�α 라고�하면�

α ＝arctan °= 60
2
1

�

자름면�△DEF∥옆면�△PAB이므로�자름면�△DEF와�밑면

이�이루는�각은�60°�또는�120°이다.�

례�18.�평행6면체의�한�정점에서�서로�사

귀는� 세� 모서리의� 길이는� 각각�

cba ,, 이다.�매개�두�모서리들은�

모두� °60 의�각을�이룬다.�그의�체

적을�구하여라.(그림�10-17)�

(풀이)�AB＝a ,�AD＝b ,�AA1＝c라고�하고�

∠BAA1＝∠DAA1＝∠BAD＝ °60 ,�
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A

그림�10－18�

C�

B1�

B�

A1 C1�

D�

abab
2
360sin =°== SSh,V �

일�때�h를�구하자.�

AE1⊥밑면�ABCD�되게�A1E를�긋고�EF⊥AB�되게�긋고�

A1F를�맺으면�

AB⊥A1F�

AE를�맺으면�AE는�AA1의�아래밑면에�대한�사영이다.�

또한�∠A1AD＝∠A1AB이므로�AE는�∠A의�2등분선이다.�

AF＝ c
2
1

,�AE＝
3
32
AF＝ c

3
3

�

AE＝h＝ 22

1
AEAA − ccc

3

6

3

3
2

2 =−= 







�

∴� ShV = abccab
2
2

3
6

2
3

=⋅= �

례� 19.� 직3각기둥� ABC－A1B1C1에서� BB1＝

BC＝1,� AB＝2,� 2면각� A－BB1－C의�

크기는�120°이다.�

1)�직선�A1C와�옆면�A1B가�이루는�각

의�크기를�구하여라.�

2)�4각뿔�A1－BCC1B1의�체적을�구하여

라.(그림�10－18)�

(풀이)�1)�AB를�연장하고�CD⊥AB�되게�AB의�

연장선에�점� D를�찍고� A1D를�맺으�

면�직3각기둥이므로�평면�ABC⊥평면

A1ABB1이다.�

∴�CD⊥평면�A1ABB1�

∠CA1D가�A1C와�평면�A1ABB1이�이루는�각이다.�

∠ABC＝120°�

∠CBD＝ °60 ,�CD＝BC sin
2
360 =° �

BD＝
2
1
,�AD＝

2
5
�
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∴�A1D＝ 2
29

4
25

1 =+=+ 22

1
ADAA  

tan∠CA1D＝ 29
87

2
29
2
3

= �

∴�∠CA1D＝arctan
29
87

�

즉�A1C와�옆면�A1B가�이루는�각의�크기는�arctan
29
87

�

2)� 각기둥VV BBCCA 11 3
2

1
=− 13

2
AASΔABC ⋅= �

××××= 12
2
1

3
2

sin
3
3120 =° �

AE⊥CB� 되게� 그으면� AE⊥평면� BCC1B1이며� AE는���

4각뿔�A1－BCC1B1의�높이이다.�

∴�
3
331

3
1

3
1 2

1
=××=⋅=− AES

11BBCCBBCCA 11
V �

례�20.�바른6면체�ABCD－A1B1C1D1의�모서리의�길이가�2이다.�AA1

와�CC1의�가운데점�E와�F를�지나는�자름면�BFD1E를�취할�때�

1)�평면�BFD1E와�밑면�ABCD가�이루는�2면각의�크기를�

구하여라.�

2)�
11 EBFDAV − 을�구하여라.�

3)�점�A로부터�평면�EBFD1의�거리를�구하여라.�

(풀이)�1)�밑면은�바른4각형�ABCD이므로�SABCD＝4�

자름면�BFD1E는�등변4각형이므로�

EF＝ 22 ,�BD1＝ 32 �

∴ EBFD1
S ＝ ⋅

2
1

BF·BD1＝ 62 �

구하려는�2면각의�평면각이�θ라고�하면�

3
6

62
4cos ===

EBFD

ABCD

1
S

S
θ �
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A�
B�

C�
D�

P�

O� E�

F�
h

h′ �

그림�10－19�

∴�
3
6arctan=θ �

즉�평면�BFD1E와�밑면�ABCD가�이루는�2면각의�크기는�

3
6arctan �

2)� =+= −−− EADFBEAFEBFDA 1111
VVV �

13
1

3
1

CDSBCS EΔADBEΔA 11
⋅⋅+⋅⋅= �

3

4
21

3

1
21

3

1
=⋅⋅+⋅⋅= �

3)�E가�AA1의�가운데점이므로�A와�A1로부터�평면�EBFD1

까지의�거리는�같다.�

구하려는�4각뿔�A1－EBFD1의�높이를�h라고�하면�

h⋅⋅=− EBFDEBFDA 111
VV

3
1

3
462

3
1

=⋅⋅= h �

∴�
3
6

=h �

례�21.�바른4각뿔의�옆면적이�
2b 일�때�그�

체적이�최대로�되도록�높이와�밑면

의�변의�길이를�구하여라.(그림�10

－19)�

(풀이)�밑면의�변의�길이를� a ,�옆면의�높

이를�h′라고�하자.�
2b=옆S 이므로�

2

4
1 b=ΔPBCS �

2

4
1

2
1 bha =′ �� ∴�

a
bh
2

2

=′ �

BC⊥직3각형�POE이므로�평면�PBC⊥평면�POE�

OF⊥PE�되게�점�F를�PE에�잡으면�OF⊥평면�PBC�

OFOFSVV ΔPBCPBCOABCDP ⋅⋅=⋅⋅⋅=⋅= −−
2

3
1

3
144 b �
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h

h
a

′

⋅
= 2OF �

44
2

222

2

6
2

22
6

aba

a
b

a
a
ba

b
−⋅=







−








⋅

⋅=−ABCDPV �

( ) ( )( )4444
4

4
244

4

4

62
2

6
∴ - ababaaba

---V4

ABCDP ⋅
==

( ) ( ) 444444 22 bababa =−+−+ 은�정수이므로�
34

4 3
2

62
1









⋅

⋅
≤−

b4

ABCDPV �

∴�
3

4

18
12 b⋅≤−ABCDPV �

4442 aba −= 이므로� bba
3
27

3

4

4
== �

일�때�바른4각뿔의�체적이�최대로�된다.�

이때� baa
a

ab
a

h
6
108

2
2

2
2

2
1 4

244 ===−= �

따라서�밑면의�변의�길이는� b
3
274

,�높이는� b
6
1084

일�때�

바른4각뿔의�체적의�최대값은�
3

4

18
12 b 이다.�

2)Ã련습문제Ã

1.�한개 평면과 두 평행직선들이 주어졌을 때 한 직선이 이 평면과 하
나의 공통점을 가지면 다른 직선도 이 평면과 하나의 공통점을 가
진다는것을 증명하여라. 

2.�직선 a와 직선�b는�어기는�두�직선이다.�직선� c와� a는�평행이고�

직선�b와는�사귀지�않는다.�

1)�직선�c와�b는�어기는�직선이라는것을�증명하여라. 
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2)� ba ⊥ 이면 bc ⊥ 이라는것을 증명하여라. 
3.�직3각형�ABC의�직각의�정점�B에서�△ABC평면에�수직선�BD를�그었

다.�△ABD,�△BCD,�△ABC의�면적이�각각�S1,�S2,�S3일�때�△ACD

의�면적을�구하여라.�

4.�1)�PC는�△ABC가�놓여있는�평면에�수직이고�∠A＝90°이다.�

점�D는�AB의�한�점이며�PA,�PD,�PB가�평면�ABC와�각각�60°,�

45°,�30°의�각을�이룬다.�이때�점�D가�AB의�가운데점이라는것을�

증명하여라.�

2)�DE⊥평면�ADC이고�EA,�EB,�EC가�각각�평면�ADC와�이루는�각

이�30°,�45°,�60°이다.�AB＝BC＝3일�때�DE의�길이를�구하여라.�

5.�평면의�거리가�a인�두�점�A,�B에서�서로�평행인�두�빗선을�긋되�그�

평면과�이루는�뾰족각이�α 가�되도록�하였다.�두�빗선의�평면에로의�

사영거리가�b라고�하면�두�빗선사이의�거리�d 를�구하여라.�

6.�평면�SAB와�SAC,�SBC가�둘씩�서로�수직이고�한�점�S와�사귄다.�

평면�P와�이�3개�평면이�서로�사귀여�생긴�자름면을�△ABC라고�

한다.�점�S를�지나�평면�P에�수직선을�긋고�그�밑점을�O라고�하면

△SBC의�면적은�△ABC의�면적과�△OBC의�면적의�비례가운데마

디이라는것을�증명하여라.�

7.�3각기둥�ABC－A1B1C1에서�밑면은�변의�길이가� a인�바른3각형이

다.�또한�AA1와�AB,�AC가�이루는�각은�모두�60°이고�AA1＝A1B

＝A1C이다.�이�3각기둥의�옆면적을�구하여라.�

8.�바른3각뿔대�ABC－A1B1C1에서�옆면과�아래밑면이�이루는�2면각은�

°60 이고�아래밑면의�변의�길이는�10,�겉면적은� 360 일�때�웃밑

면의�변의�길이를�구하여라.�

9.�빗3각기둥�ABC－A1B1C1의�높이가�10cm이고�밑면은�변의�길이가�

4cm인�바른3각형이다.�4각뿔�A－BCC1B1의�체적을�구하여라.�

10.�4각뿔�S－ABCD에서�∠DAB＝∠ABC＝90°,�SA⊥평면�ABCD,�

SA＝AB＝BC＝a ,�AD＝ a2 이다.�

1)�SC와�밑면�ABCD가�사귀는�각을�구하여라.�

2)�점�A로부터�평면�SCD까지의�거리를�구하여라.�

3)�직선�SD와�AC가�이루는�각을�구하여라.�

4)�2면각�A－SD－C의�크기를�구하여라.�

11.�바른6각뿔�P－ABCDEF에서�△PCF는�바른3각형이고�그의�면적

은�S이다.�이�각뿔의�겉면적을�구하여라.�

12.�3각뿔의�밑면은�변의�길이가�13,�14,�15인�3각형이고�이�각뿔의�

세�옆모서리는�둘씩�서로�소이다.�이�3각뿔의�체적과�정점으로부

터�밑면까지의�거리를�구하여라.�
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3)Ã자체시험문제Ã

－Ã선택문제Ã

1.�공간에서�3개�평면이�둘씩�서로�사귄다.�그것들은�(���)이다.�

A.�반드시�한�점에서�서로�사귄다.�

B.�2개의�사귐선을�가지는것은�꼭�불가능하다.�

C.�반드시�한개의�직선에서�서로�사귄다.�

D.�반드시�3개의�평행직선들과�사귄다.�

2.�바른4각형의�한�변의�길이는� a이고�한�변이�평면�M에�놓인다.�바

른4각형이�놓인�평면과�평면�M이�이루는�2면각의�크기는�α 이다.�

바른4각형의�평면�M에로의�사영의�면적은�(���)이다.�

A．� αcos2a ����B．� αsin2a ����C.� αsec2a ����D．� αcosec
2a  

3.�AB와�CD는�어기는�두�선분이다.�AC＝BC,�AD＝BD일�때�AB와�

CD가�사귀는�각은�(���)이다.�

A．� °90 ����B．� °60 ����C.� °30 ����D． 확정할수�없다.�

4.�직3각형에서�직각의�2등분선을�지나는�한�평면이�그�3각형이�놓여

있는�평면과�각�α 를�이룬다.�이때�한�직각변과�그�평면이�이루는�

각은�(���)이다.�

A．� °45 � � � � B．�
3
2arctan �

C.� 







αsin

2
2arcsin � D．� 








αcos

2
2arcsin �

5.�M＝{바른4각기둥},�N＝{직6면체},�P＝{직4각기둥},� a＝{바른6면

체}일�때�이�모임들사이의�관계는�(���)이다.�

A．�Q⊃M⊃N⊃P� � B．�Q⊂M⊂N⊂P�

C.�Q⊃N⊃M⊃P� � D．�Q⊂N⊂M⊂P�

6.�평행6면체�ABCD－A1B1C1D1에서�4면체�A1B1C1D1와�평행6면체의�

체적의�비는�(���)이다.�

A.�1：3�����B.�1：4�����C.�1：6�����D.�1：8�

7.�바른3각뿔대�ABC－DEF의�웃,�아래밑면의�변의�길이의�비는�1：2

이다.� DC,� DB,� CB를� 맺고� 3개의� 각뿔로� 자를� 때� DEFCV − ,�

BCDEV − ,� ABCDV − 의�비는�(���)이다.�

A.�1：2：4�����B.�2：3：4�����C.�1：3：4�����D.�1：2：3�
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－Ã빈칸채우기문제Ã
8.�직6면체�ABCD－A1B1C1D1에서�AB＝4cm,�AD＝3cm,�AA1＝2cm

일�때�AC와�B1C1사이의�거리＝�����

9.�평면밖의�한�점�D로부터�평면에�수직선분�DA와�빗선분�DB,�DC를�

그으면�DA＝ a ,�∠BDA＝∠CDA＝ °60 ,�∠BDC＝∠BDC＝ °120
이다.�이때�BC＝�����

10.� 2면각안의� 한� 점으로부터� 2면각의� 두� 변까지의� 거리가� 각각�

aa 2, 이고�모서리까지의�거리가� a4 이다.�이�2면각의�크기는������

11.�직3각형�ABC의�직각의�정점이�평면�M에�있고�빗변�BC의�길이는

a 이며�평면�M에�평행이다.�AB와�AC가�평면�M과�사귀는�각이�

각각� βα , 일�때�BC와�M사이의�거리는������

12.�평면�M에�선분�AB＝ a가�있다.�AC와�BD는�평면의�두쪽의�선분

인데�길이는�모두� b 이고�AC는�M에�수직이며�BD는�AB에�수직

이고�평면�M과는� °30 의�각을�이루고있다.�두�점�C,�D사이의�거

리는������

13.�4각뿔�P－ABCD에서�PA는�밑면에�수직이고�밑면은�한개의�직4각

형이다.�이때�PA＝4,�AB＝3,�AD＝5라고�하면�두�옆면�PAD와�

PBC가�이루는�2면각은�����와�같다.�

14.�직6면체의�한�변,�밑면의�대각선,�높이와의�비가�8：7：3이고�겉

면적이�808cm2일�때�직6면체의�체적은�����와�같다. 
15.�밑면은�변의�길이가�5인�바른3각형모양의�3각기둥에서�한개의�옆

모서리와�밑면인�3각형의�두�변이�이루는�각은�모두� °45 이고�옆

모서리의�길이가�4라고�하면�3각기둥의�옆면적은������

16.�3각뿔�P－ABC에서�PA⊥BC,�PA＝ a ,�BC＝ b 이고�EF⊥PA,��

EF⊥BC,�EF＝h이면�3각뿔의�체적은������

－Ã해답문제Ã
17.�한�직선과�한�2면각의�두�평면이�사귈�때�두�사귐점으로부터�2면

각의�공통모서리까지의�거리가�서로�같으면�이�직선과�두�평면의�

사귐각도�서로�같다는것을�증명하여라.�

18.�공간4각형�ABCD에서�AB⊥CD,�AD⊥BC일�때�

AB2＋CD2＝AC2＋BD2＝BC2＋AD2�

임을�증명하여라.�

19.�직6면체�ABCD－A1B1C1D1에서�AA1＝AD＝2,�AB＝3이다.�점�E

가�선분�AB의�어느�위치에�있을�때�평면�A1DE⊥평면�B1CE인가?�

20.�각뿔의�밑면은�변의�길이가�36cm,�20cm이고�면적이�36cm2인�평

행4변형이며�높이는�12cm이고�밑면의�두�대각선의�사귐점을�지난

다.�이�각뿔의�옆면적을�구하여라.�
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그림�10－20�

D�

E�

F�

C

A�
B�

21.�3각뿔�A－BCD에서�AB＝AC＝AD＝BC＝CD＝1,�BD＝ 2 이다.�

1)� BCD-AV 를�구하여라.�

2)�옆면�ACD와�밑면�BCD가�이루는�2면각의�크기를�구하여라.�

22.�3각뿔�V－ABC에서�VA＝VB＝AC＝BC,�AB＝ a2 ,�∠AVB＝ °90
이고�D는�AB의�점이고�2면각�V－ABC의�평면각은� °30 이다.�

1)�평면�VAB⊥평면VDC임을�증명하여라.�

2)�3각뿔�V－ABC의�체적을�구하여라.�

23.�평면�ABC⊥평면�BCD,�∠CAB＝90°,�BC

＝2AC＝8,�AD⊥BC이고�AD와�평면�BCD

는� °30 의�각을�이룬다.�

1)�2면각�A－CDB의�크기를�구하여라.�

2)�3각뿔�A－BCD의�체적을�구하여라.�

3)�어기는�두�직선�AB와�CD가�이루는�각

을�구하여라.�

�
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11.Ã벡토르와Ã도형의Ã방정식Ã

1)Ã문제풀이방법Ã

례�1.�점�D,�E,�F가�△ABC의�세�변의�가운데점일�때�

0CFBEAD =++ �

임을�증명하여라.�

(증명)� CDACAD += ,� ⇒+= CDABAD �

⇒






+=+=

+=+++=

CBCACFBCBABE

ABCABDCDABACAD

22

2

,

)(
�

2 ( ) 0CACBBCBAABACCPBEAD =+++++=++ �

0CFBEAD =++⇒ �

G가 △ABC의�무게중심이면 

0GFGEGD0CGBGAG =++=++ , �

례�2.�D,�E가�△ABC의�변�AB,�BC의�가운데점이고�CD를�연장하

여�DM＝CD�되는�점을�M,�BE를�연장하여�NE＝BE�되는�점�

E를�찍으면�M,�A,�N은�한�직선에�놓인다는것을�증명하여라.�

(증명)�△AMC에서�D는�MC의�가운데점이므로�

∴ ACAMAD +=2 �

점�D가�AB의�가운데점이므로 ADAB 2= �

∴ ⇒+= ACAMAB �

ANAM
BCABACAN

CBACABAM
−=

=−=

=−=
⇒







�

⇒




= AANAM

ANAM

I

‖
�AM 과� AN은�한�직선에�놓인다.�

례�3.�P( αcos3 , αsin3 ),�Q( θcos2 , θsin2 )가�주어지고� ,0[∈α �

)2π ,� ),0[ 2πθ ∈ 일�때� PQ 의�값범위를�구하여라.�

(풀이)�조건으로부터�

{ }αα sin,cos 33=OP ,� { }θθ sin,cos 22=OQ �

OPOQPQ −= 이므로�
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그림�11－1�

A�

B�C
G�

x �

y

O

bababa +≤−≤− 로부터�

OPOQOPOQOPOQ +−− ≤≤ �

∴� 51 ≤≤ PQ �

례�4.�바른3각형�ABC의�정점�A에�대응하는�복소수는�2이고�그의�

중심에�대응하는�복소수는� i
3
2

1+ 이다.�이�3각형의�다른�두�

정점의�대응하는�복소수를�구하여라.(그림�11－1)�

(풀이)�그림에서� OGOAGA −= 이다.�

GA에�대응하는�복소수는�







 ++ i3

3

2
12 i3

3
21−= �

중심�G와�바른3각형의�매�정점을�련

결하면�

∠AGB＝∠BGC＝∠CGA＝120°�

또한� GBGAGC == ��

∴� ( )°+°= 120sin120cos iGAGB �

즉�GB에�대응하는�복소수는�

( ) iii 3
6
5

2
1

120sin120cos3 +=°+°⋅





 −

3

2
1 �

같은�방법으로�GC에�대응하는�복소수는�

( ) ( )( ) iii
6

3

2

3
120sin120cos3

3

2
1 −−=°−+°−− ⋅








�

GBOGOB += �이므로� OB에�대응하는�복소수는�

ii i 3
2

3

2

3
3

6

5

2

1
3

3

2
1 +++ =






+








�

마찬가지로�

GCOGOC += �
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α

그림�11－2�

A�

B�

E�
a �

b �

F�

이므로�OC에�대응하는�복소수는� i
2

3

2

1
- + 이다.�

따라서�점�B의�대응하는�복소수는� i3
2
3

2
3
+ 이다. 

례�5.�△ABC에서�

2

3
CBA ≤++ coscoscos �

임을�증명하여라.�

(풀이)�AB가�가장�짧은�변이라고�하자.�

AC,�BC에서�점�P,�Q를�잡되�AP＝BQ＝AB�되게�하면�

BQABPAPQ ++= �

( )22
BQABPAPQ ++= �

( )BQPABQABABPABQABPA ⋅+⋅+⋅+++= 2
222

�

( ) AABAABPAABPA coscos
2

−=−⋅=⋅ π �

BABBQAB cos
2

−=⋅ �

CABBQPA cos
2

−=⋅ �

( ) 0coscoscos2
222

≥++−= CBAABAB3PQ �

∴�
2

3
CBA ≤++ coscoscos �

례�6.�어기는�두�직선� ba, 가�이루는�각은�θ 이고�그의�공통수직

선분�AB의�길이는� ,d �점�E,�F가�각각�직선� ba, 에�있고�

AE＝m ,�BF＝ n일�때�EF의�길이를�구하여라.�

(풀이)�그림�11－2와�같이� AB ,� AE ,� BF ,�

EF를�잡자.�

nmd === BFAEAB ,, �

AEAB ⊥ ,� BFAB ⊥ 이므로 ,AE �

BF가�이루는�각은�θ �또는� θπ −  
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BFABAEEF ++−= �

( )222
BFABAEEFEF ++−= = �

222
BFABAE ++= BFAEBFABABAE ⋅−⋅+⋅− 222 �

BFAEBFABAE ⋅−++= 2
222

�

=EF �

( )
( )





+++

−++
=

때�θ일-π�각이�이루는�가BF,AE

때�θ일�각이�이루는�가BF,AE

θ

θ

cos2

cos2
222

222

mnnmd

mnnmd
�

례�7. 두 벡토르 { } { }1,,3,,1,2 βα == ba 이�주어졌다.�두�벡토

르� abba
2
1,2 −=+= QP 가�공선이기�위한� βα , 의�값을�

구하여라.�

(풀이)� { } { }1,,32,1,22 βα +=+= baP �

{ } { }
{ }αβ

βα
++=

+=
2,21,8

2,2,6,1,2
�







 −−=−=

2
1,

2
1,2

2
1 αβabQ  

P∥Q

2
1

2

2
1

21
2
8

α
α

β

β

--

+
=

+
=⇔ �

∴�
2
3,

3
2

== βα �

례�8.� kjia 1243 −+= 의�길이와�방향코시누스�{ }γβα cos,cos,cos �

및�a방향의�단위벡토르� ae 를�구하여라.�

(풀이)� kjia 1243 −+= 에서�

( ) 131691243 222 ==−++=a �
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13
3cos ==

a

Xα ,�
13
4cos ==

a

Yβ ,�
13
12cos −==

a

Yγ �

kjikjiea 13
12

13
4

13
3

13
1243

−+=
−+

=
r

r

�

례� 9.� 벡토르� kia +=
r

,� kjb −= 2 에� 각각� 수직이고� 벡토르

kjic 22 ++=
r

에�관한�사영이�1로�되는�벡토르� l
r
을�구하

여라.�

(풀이)� { }zyxl ,,=
r

라고�하면�

0=⋅⇔⊥ bala
r

,� 0=⋅⇔⊥ lblb
rr

�

에�의하여�2개의�관계식� 02,0 =−=+ zyzx 이�얻어진다.�

사영 1
221
22
222
=

++

++
=

⋅
=

zyx
c
lc

l

r

r � � 즉� 322 =++ zyx �









=++
=−

=+

322
02
0

zyx
zy
zx

�

을�풀면�
2
3,

4
3,

2
3

==−= zyx �

∴� =






−=

2
3,

4
3,

2
3l

r
kjl
2
3

4
3

2
3

++−
r

�

례�10.�세�점�A＝(1,�2,�0),�B＝(3,�0.�3),�C＝(5,�2,�6)을�정점

으로�가지는�△ABC의�면적과�점�A에서�그은�3각형의�높이

를�구하여라.�

(풀이)� { } { }6,0,4,3,,2,2 =−−= ACAB �

ACABΔABCS ⋅=
2
1

�

kji
kji

82412
2
1

604
322

2
1

+−−=−−=
r

r

�
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( ) ( ) 1428
2
182412

2
1 222 =×=+−+−= (면적단위)�

14
2
1

=⋅= hBCΔABCS 이므로�
BC

28
=h �

그런데� { } 9492336,02,25 222 =++=+−−=BC �

∴�
94

28
=h �

례�11.�S(－5,�－4,�8),�A(2,�3,�1),�B(4,�1,�－2),�C(6,�3,�7)을�

정점들로�가지는�3각뿔�SABC의�정점�S에서�밑면�ABC에�그

은�높이를�구하여라.�

(풀이)� ,
6
1

633
,

면체각뿔각뿔
VVS

3

1
V ΔABC =⋅= ⋅ h �

ACABΔABCS ×=
2
1

�

∴� ( )SCSBSAACAB ⋅⋅⋅=⋅×⋅⋅
6
1

2
1

3
1 h �

( )
ACAB

SCSBSA

×

⋅⋅
=h �

그런데�SA＝{7,�7,�－7},�SB＝{9,�5,�－10},�SC＝{11,�

7,�－1},�AB＝{2,�－2,�－3},�AC＝{4,�0,�6}이므로�

( )
434

89
688
89

604
322

1711
1059
777

==

−−

−
−
−

=
×

⋅⋅
=

kji
h

ACAB

SCSBSA
�

례� 12.� 점� (0,� －1)을� 지나는� 직선� l 을� 평행인� 두� 직선�

062:1 =−+ yxl 과� 0524:2 =−+ yxl 이�끊어내는�선분

의�길이는�
2
7
이다.�직선� l의�방정식을�구하여라.�
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그림�11－3�

3l

x �

y

0�

θ�

1l
2l

(풀이)� 그림� 11－3에서� 두� 평행직선�

21 , ll 사이의�거리는�

10
57

5
2
56
=

−
=d �

2
1tan,

5
5

2
7

10
57

sin === θθ �

l의�경사도가� k라고�하면�

2
1

21
2

=
−
+
k

k
�

21 ,
4
3,

2
1

21
2 kk
k

k
−=±=

−
+

는�존재하지�않는다.�

l의�방정식은� 0=x �또는� 0443 =++ yx �

례�13.�직선� 012: =−+ yxl 이�△ABC에서�아낙각�C의�2등분선

이고�A(1,�2),�B(－1,�－1)일�때�점�C( yx, )를�구하여라.�

(풀이)�직선� l ,�AC,�BC의�경사도를�각각� 21 ,, kkk 이라고�하면�

1
1,

1
2,2 21 +

+
=

−
−

=−=
x
yk

x
ykk �

l이�∠C의�2등분선이므로�

1
221

2
1
2

1
12

1
12

−
−

⋅−

+
−
−

=

+
+

⋅−

+
+

−−

x
y

x
y

x
y
x
y

� � (*)�

방정식� 012 =−+ yx 과�식�(*)로부터�

5
31,

5
13

=−= yx �

따라서�C의�자리표는� 





−

5
31,

5
13

이다.�

례�14.�직선� 0: =+ yxl 과�점�A(4,�2),�B(0,�2)가�주어졌다.�

1)�점�C가� l 에�있을�때� BCAC + 의�최소값을�구하고�점�
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C를�구하여라.�

2)�점�D가� l에�있을�때� BDAD − 의�최대값을�구하고�점�

D를�구하여라.�

3)�점�E가� l에�있을�때�∠AEB의�최대값을�구하고�점�E를�

구하여라.�

(풀이)�1)�점�B의�직선� l에�관한�대칭점�B′의�자리표는� ( )02,B −′ �

BA ′와� l과의�사귐점을�C라고�하면�

CBACBCAC ′+=+ �

점�A,�C,�B′가�한�직선에�있으므로� BA ′가�최소값으로�

된다.�

BA ′의�방정식은�

( )2
24
020 +

+
−

=− xy �즉�
3
2

3
1

+= xy �







=+

+=

0
3
2

3
1

yx

xy
�

∴�
2
1,

2
1

=−= yx �� 즉� 





−

2
1,

2
1C �

( ) ( ) 1020224 22 =+++=′=+ BABCAC �

2)�점�A,�B,�D가�한�직선에�놓이지�않을�때�A,�B,�D는����

3각형을�이룬다.�

4=<− ABBDAD �

BDAD − 의�최대값을�취하면�A,�B,�D는�한�직선에�놓

인다.�

AB의�방정식은� 2=y ,� 0=+ yx 에�갈아넣으면� 2=x �

따라서�점�D의�자리표는�(－2,�2)�

3)� =−+ 222
ABBEAE �

( ) ( ) ( ) 22222 4224 −−++−+−= yxyx
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( ) ( ) 88822

88822

22

22

+−−−−−=

+−−+=

xxxx

yxyx
�

084 2 >+= x �

BEAB

ABBEAE
AEB

⋅

−+
∠ =

2

222

cos �

로부터� AEB∠ 는�뾰족각�혹은�0이다.� � (*)�

AEB∠ θ= 라고�하고�AE,�BE의�방향곁수를� 21, kk 라고�

하면�

0
2,

4
2

21 +
−

=
+
−

=
x
yk

x
yk �

( )
( )

yxyx
y

xx
y
x
y

x
y

kk
kk

444
84

4
21

4
22

1
tan

22

2
21

12

−−++
+−

=

−
−

+

+
−

−
−

=
+
−

=θ
�

xy −= 를�웃식에�갈아넣으면�

( ) k
x
x

=
+
+

=
2
22tan 2θ �

(*)을�리용하면�

( ) k
x
x

=
+
+

2
22

2 �

04222 =−+− kxkx � � (**)�

0≠k 일�때�방정식�(**)은�풀이를�가진다.�

( ) ( ) ( )
0142

01424424
2

22

≤−−

≥−−−=−−=

kk
kkkk2-D

�

∴� ]
2
61,0()0,

2
61[ +−∈ Uk �
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이로부터� k 의�최대값이�
2
61+ 일�때�방정식�(**)에�갈

아넣으면�이�방정식은�겹풀이� 26 −=x 를�가진다.�

E의�자리표는�( 26 − ,�－( 26 − ))이고�

2
6

1AEBtan +=∠ �

즉� AEB∠ 의�최대값은�arctan(
2
61+ )이다.�

례� 15.� 점� M( 1,
3
10

)을� 지나며� 두� 평행직선� 012 =−+ yx 과

� 032 =−+ yx 을�끊어내는�선분의�가운데점이�반드시�

01 =−− yx 에�있게�되는�직선의�방정식을�구하여라.�

(풀이)�점�M을�지나는�직선� l이�두�평행직선을�끊어내는�선분�AB

의�가운데점을�P라고�하면�P는�반드시� 022 =−+ yx 에�있

게�된다.�

조건으로부터�P는� 01 =−− yx 에�있으므로�점�P의�자리표는�





=−+
=−−
022
01

yx
yx

�

을�만족한다.�즉�P 







3
1,

3
4

�

점�P와�M을�지나는�직선� l의�방정식은�

3
10

3
4

1
3
1

3
10
1

−

−
=

−

−

x

y
�

∴� 0193 =−− yx �

례�16.�둘레의�길이가�10인�△PBC에서�BC의�길이는�4이다.�P가�

움직이는�자리길의�방정식을�구하여라.�

(풀이)�직각자리표계에서�B(－2,�0),�C(2,�0)라고�하자.�

6PCPB =+ �

즉�움직이는�점�P로부터�두�정점�B,�C까지의�거리의�합은�

6과�같으므로�P의�자리길은�타원이다.�
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그림�11－4�

T�
x �

y

0�

2,3,62 === caa �

5492 =−=b �

1
59

22

=+
yx

�

례�17.�타원� 1
74

22

=+
yx

에서�한�점을�정하되�직선�

01623: =−− yxl 까지의�거리가�가장�짧게�하여라.�그리

고�이�거리를�구하여라.�

(풀이)�직선의�방향곁수는�
2
3
이고�방향곁수가�

2
3
인�타원의�접선의�

방정식(그림�11－4)은��

4
2
37

2
34

2
3 2

+=+





±= xxy �

그림에서�접선의�방정식은� 4
2
3

−= xy �










=+

−=

1
74

4
2
3

22 yx

xy
�

4
7,

2
3

−== yx �

구하려는�점은� 





 −

4
7,

2
3

�

점� 





 −

4
7,

2
3

로부터� l까지의�가장�짧은�거리는�

13
138

13

16
4
72

2
33

=
−






−−








�

례�18.�점�A(1,�2),�B(3,�4)를�지나며� x축을�끊어내는�활줄의�길

이가�6인�원의�방정식을�구하여라.�

(풀이)� 022 =++++ FED yxyx 이라고�하면�
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그림�11－5�

x �

y �

0�

B�

C�

A�

D�

1l

2l �





=++++

=++++

0F4E3D43

0F2ED21

22

22

�





−=++

−=++

②25F4E3D

①5F2ED
�

0=y 이면�원의�방정식은� 02 =++ FDxx �

이�방정식의�두�풀이를� 21 , xx 라고�하면�

D−=− 21 xx ,� F=21xx �

원이� x축과� ( )0,1x ,� ( )0,2x 에서�사귀므로�

bxx =− 21 �

우의�량변을�2제곱하면�

362 2
221

2
1 =+− xxxx �

( ) 364 21
2

21 =−+ xxxx �

364 22 =− FD � � ③�

식�①,�②,�③으로부터�

D1＝12,�E1＝－22,�F1�＝27�

D2＝－8,�E2＝－3,�F2＝7�

따라서�구하려는�원의�방정식은��

027221222 =+−++ yxyx �또는�

072822 =+−−+ yxyx �

례�19.�직선� 01234:1 =−+ yxl ,�

0223:2 =−− ykxl 이�주어졌다.� k �
가�어떤�값을�취할�때� 1l 과� 2l ,� x축,�

y축으로�둘러싸인�4각형이�한개의�외

접원을�가지겠는가?�그�원의�방정식

을�구하여라.(그림�11－5)�

(풀이)�직선� 1l 이�두�자리표축과의�사귐점은�

B(3,�0),�C(0,�4)이다.�

직선� 2l 는�점�(0,�－1)을�지나며�이때�

x축과�사귀는�점을�A라고�하자.�

21 ll ⊥ 일�때�4각형�OADC는�외접원을�
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가진다.�그리고�AC는�직경으로�된다.�

121 −=⋅ ll 이므로�

1
2

3
3
4

−=⋅−
k

� � ∴�
2
1

=k �

2l 의�방정식은� 022
2
3

=−− yx �즉� 0443 =−− yx �

점�A의�자리표는� 





 0,

3
4

�

AC의�가운데점을�O′라고�하면�

,2
2

40O,
3
2

2

0
3
4

O =
+

=′=
+

=′ yx �

3
1044

3
4AC 2

2

=+





= �

따라서�원의�반경은�
3
102

�

따라서�구하려는�원의�방정식은� ( )
9
402

3
2 2

2

=−+





 − yx �

례�20.�원� ( ) 122 =+− yax 과�포물선� xy 22 = 가�서로�사귈�때�사

귐점밖의�접선이�서로�수직이�되는�a의�값을�구하여라.�

(풀이)�원과�포물선의�사귐점을�A( 00 , yx )이라고�하자.�

포물선� xy 22 = 의�( 00 , yx )밖에서�접선의�방정식은�

00 xxyy += �

이�접선은�이�점에서�그은�원의�접선과�수직이므로�이�접선

은�반드시�중심�O1(0,�0)을�지난다.�

∴� axy +=× 00 0 �즉� ax −=0 �

즉�A의�자리표는� ( )0, ya− �

( )





=+−−

−=

1

2
2
0

2

2
0

yaa

ay
�

∴� 0124 2 =−− aa �
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∴�
4
51±

=a �

0>x 이므로�
4
51,0 −

=< aa �

례�21.�점�M0(2,�－3,�5)를�지나며�두�평면 0122 =+−+ zyx ,�

05 =−++ zyx 의�사귐선에�수직인�평면의�방정식을�구

하여라.�

(풀이)�점�M0(2,�－3,�5)를�지나는�평면의�방정식은�

A ( )2−x ＋B ( )3+y ＋C ( )5−z ＝0� � � ①�

평면�①은�주어진�두�평면과�각각�수직이므로�

( )
CBB,A

0C1B1A1

0C2B1A2
43 −==⇒

=⋅+⋅+⋅

=⋅−+⋅+⋅





�② 

식�②를�식�①에�넣으면�

( ) ( ) ( ) 053423 =−++−− zyx �

∴� 02343 =−+− zyx �

례�22.�점�M0(2,�－3,�1)을�지나며�두�벡토르� { }1,2,3 −−=a ,�

{ }3,2,1=b 에�평행인�평면의�방정식을�구하여라.�

(풀이)� { }8,8,8
321
123 −=−−=×
kji

ba

r

�

구하려는� 평면의� 방정식은� 점� M0(2,� －3,� 1)을� 지나며�

ba× 에�수직이므로�

( ) ( ) ( ) 0183828 =−−++− zyx �

즉� 02 =+−+ zyx �

례�23.�점�M0(1,�－3,�5)를�지나며�두�평면� 0723 =−+− zyx ,�

0323 =+−+ zyx 의�사귐선에�평행인�직선의�방정식을�구

하여라.�

(풀이)�평면� 0723 =−+− zyx 의�법선벡토르는� { }2,1,311 −=n ,�

평면� 0323 =+−+ zyx 의�법선벡토르는� { }2,3,112 −=n 이

므로�이�두�평면의�사귐선방향의�벡토르� l
r
은�
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kji
kji

nnl 1084
231

2131211 ++−=
−

−=×=
r

r

r
�

따라서�점�M0(1,�－3,�5)를�지나며� { }10,8,4−=l
r

에�평행

인�직선은�
10

5
8

3
4
1 −

=
+

=
−
− zyx

이다.�즉�

5
5

4
3

2
1 −

=
+

=
−
− zyx

�

례�24.�두�직선�

14
7

5
10:

13
5

2
3:

2

1

zyxl

zyxl

=
+

=
−

=
−

=
+

�

와�사귀며�직선�

1
3

7
1

8
2:3

−
=

−
=

+ zyxl �

에�평행인�직선의�방정식을�구하여라.�

(풀이)�직선� 1l 을�지나면서� 3l 에�평행인�평면� 1Μ 을�구하고�그�방

정식을� 0=+++ 1111 DCBA zyx 이라고�하자.�

또한� 2l 을�지나고� 3l 에�평행인�평면�M2의�방정식을�A2 x＋
B2 y＋C2 z ＋D2＝0이라고�하면� 1l ,� 2l 와 사귀면서 3l 에 평

행인 직선의 방정식은 평면 21 , ΜΜ 의 사귐선 





=+++
=+++

0
0

2222

1111

DCBA

DCBA

zyx
zyx

�

이다.�이것을�구하면� 1l 을�지나고� 3l 에�평행인�평면� 1Μ 은�

0
178
132

53
=

−+ zyx
�

또는� 0213 =++− zyx 52 �

직선� 2l 를�지나면서� 3l 에�평행인�평면 2Μ 는�
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0
178
145

710
=

+− zyx
�

또는� 017 =−−− zyx �

따라서�구하려는�직선은�





=−−−
=++−

017
0213

zyx
zyx 52

�

례�25.�직선�




=−
=+−

64
03

yx
zx 5

에�놓이면서�두�평면� 0533 =−+ zx ,�

14 =++ zyx 까지의�거리가�같은�점을�구하여라.�

(풀이)�주어진�직선을�보조변수의�방정식으로�표시하면�

tztytx +=−=+= 4,24,1 �

이�직선의�점� ( )ttt +−+ 4,24,1 로부터�매개�평면까지의�

거리가�같아야�하므로�

8
418

8
6510

1
−

=
+ t

�

t를�구하면� ( ) ( )22 418610 −=+ tt �

6
7,

4
1

21 =−= tt �

이�값을�보조변수방정식에�넣어�구하려는�점�

M0 





 −

4
15,3,

4
3

,�M1 







6
31,

3
8,

6
13

�

을�얻는다.�

례�26.�직선�
4

1
1

2
2
7: −

=
+

=
−
− zyxl 과�평면� 62: =+− zyxα 이�

있다.�이�직선을�축으로�하는�반경� 52 인�원기둥을�평면�

α로�자르는�경우�그의�잘라진�자리를�표시하는�직선의�방

정식을�구하여라.�

(풀이)�직선� l 의�방향벡토르� { }4,1,2− 와�평면�α 의�법선벡토르

{ }1,2,1 − 의�스칼라적이�
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( ) ( ) 0142112 =×+−×+×− �

이므로� l과�α는�평행이다.�

점� ( )1,2,7 − 을�지나고� l 에�수직인�평면을�α ′ 라고�하면�

α ′의�방정식은�

( ) ( ) ( ) 014272 =−+−+−− zyx �

즉� 1242 −=++− zyx �

이�평면�α ′와�α 와의�사귐선에�있는�점� ( )1,2,7 − 에서의�

거리가� 52 인�점을� cba ,, 라고�하면�

( ) ( ) ( )







=−+++−

=+−
−=++−

20127

62
1242

222 cba

cba
cba

�

이�식을�풀면� ( ) ( )1,2,9,, =cba �또는� ( )1,2,3 −− �

구하려는�직선은�우의�두�점을�지나며�직선� l에�평행인�직

선�
4

1
1

2
2
9 −

=
−

=
−
− zyx

과�
4

1
1

2
2
3 +

=
+

=
−
− zyx

이다.�

례�27.�타원면� 1
1416

222

=++
zyx

과�평면� 044 =−+ zx 과의�사귐

선을�자리표평면�O xy에�사영한�곡선을�구하여라.�

(풀이)�평면의�방정식에서� z를�구하면�

4
4 xz −

= �

이것을�긴원의�방정식에�갈아넣으면�

01
4

1
416

222

=−





 −++

xyx
�

이것은� z축에�평행인�기둥면이다.�

따라서�이�기둥면과�O xy평면�즉� 0=z 과의�사귐선�





=
=−+

0
042 22

z
xyx

�

이�구하려는�곡선이다.�
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2)Ã련습문제Ã

－Ã선택문제Ã

1.�점�A,�B의�자리표가�각각�(2,�－2),� (4,� 3)이다.�벡토르� P 가�

{ }7,12 −k 이고�P∥AB일�때� k의�값은�(���)이다.�

A.�
10
9

− �����B.�
10
9
�����C.�

10
19

− �����D.�
10
19

�

2.� { }ban ,= 이고�n과�m는�수직이며� mn = 일�때�m는�(���)이다.�

A.�{ }ab −, � � � � B.�{ }ba −, �

C.�{ }ba,− �또는�{ }ba −, � D.�{ }ab −, �또는�{ }ab,− �

3.�령�아닌�벡토르� ba, 가�서로�수직이면서�다음의�식들가운데서�반드

시�성립하는것은�(���)이다.�

A.� baba −=+ � � B.� baba −=+ �

C.� ( ) ( ) 0=−⋅+ baba � D.� ( ) ( )bababa −⋅+=+ �

4.�다음의 같기식 

1)� 0=−aa � � � 2)� 00 =a � 3)� 00 =a �

4)� ( ) 222
baba ⋅=⋅ � � 5)� baba ⋅±=⋅ �

들가운데서�정확한�개수는�(���)이다.�

A.�0개�����B.�1개�����C.�2개�����D.�적어도�2개�

－Ã해답문제Ã
5.�세�점�A(－3,�－7,�－5),�B(0,�－1,�－2),�C(2,�3,�0)은�한�직선

에�있는가?�

6.� { } { } { }2,1,3,5,7,9,2,0,0 =−=−= cba 일�때�벡토르�

cba 523 +− 의�길이를�구하여라.�

7.�원점에�있는�질점에�두�힘� { } { }31,2,F11,-1,F 21 == , 이�작용

하여�직선에�따라�점�A(2,�－1,�－1)까지�이동하였다고�할�때�수

행된�일을�구하여라.�

8.� qp, 는�단위벡토르들이고�그사이의�각은� °60 일�때�

qpbqpa +=+= 2,2 �
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를�두�변으로�가지는�평행4변형의�면적을�구하여라.�

9.� { } { }1,2,1,2,1,3 −=−= ba 일�때�벡토르적� ( ) ( )baba 22 +⋅− 를�

구하여라.�

10.�네�점�S(1,�1,�2),�A(2,�3,�－1),�B(2,�－2,�4),�C(－1,�1,�3)

을�정점으로�하는�4면체�S－ABC의�체적을�구하여라.�

11.�직2등변3각형�ABC의�빗변이�놓이는�직선의�방정식이� 023 =+− yx

이다.�직각의�정점�A는� 







5
2,

5
14

일�때�두�직각변이�놓이는�직선

의�방정식을�구하고�그의�면적을�구하여라.�

12.�세�직선� 0543,032,012 =−+=−+=−− ykxkyxyx 이�한�점

에서�사귄다.�이때� k의�값을�구하여라.�

13.�두�점�A(4,�1),�B(6,�－3)이�주어졌다.� x축에�한�점�P를�정하되�

AP2＋BP2이�최소로�되도록�하여라.�

14.�D,�E,�F는�각각�△ABC의�세�변�BC,�CA,�AB의�내분점이고�비

값은�모두� ( )0>λ 이다.�△ABC와�△DEF는�서로�같은�무게중심

을�가진다는것을�증명하여라.�

15.�원점과�점�M(1,�3)을�각각�지나는�두�평행직선사이의�거리가� 5
이다.�이�직선들의�방정식을�구하여라.�

16.� 점� (3,� 1)을� 지나는� 한� 직선이� 두� 평행직선� 012 =−+ yx 과

032 =−+ yx 을�잘라낸�선분의�가운데점이�직선� 01 =−− yx 에�

놓인다.�이�직선의�방정식을�구하여라.�

17.�주어진�점�A(8,�6)을�지나는�4개�직선이�있고�그것들이�차례로�이

루는�각의�비가�1:2:3:4이다.�두번째�직선의�방정식이� 043 =− yx 일�

때�나머지�세�직선의�방정식을�구하여라.�

18.� k 가�어떤�값을�취할�때�포물선� kxy += 2
와� 1

2
2

2

=+ yx
이�4개

의�서로�다른�사귐점을�가지는가?�이때�네�점은�한�원둘레에�놓인

다는것을�증명하여라.�

19.�쌍곡선이�점�P ( )23,2 를�지나며�그의�점근선이� xy
2
3

±= 이다.�

쌍곡선의�방정식을�구하여라.�

20.� 21 , zz 는�복소수평면의�두개의�점이고� 321 += izz 이다.� 2z 가�곡

선� 655 =+−− zz 을�따라�움직일�때�복소수평면의�직각자리표
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계에서� 1z 의�자리길의�방정식을�구하여라.�

21.�타원� ( )01:C 2

2

2

2

1 >>=+ ba
b
y

a
x

의�초점은�F1,�F2이고�포물선�

( )02:C 2
2 >= ppxy 의�초점은�F2이다.�곡선�C1,�C2가�점�M에

서�사귄다면( x축의�웃쪽에서)�cos∠MF1F2·cos∠MF2F1의�값을�

구하여라.�

22.�점�M0(1,�0,�2),�A(4,�6,�－3),�B(2,�6,�－1)이�주어졌다.�

1)�점�M0을�지나며�AB에�수직인�평면의�방정식을�구하여라.�

2)�점�B를�지나며�AM에�수직인�평면의�방정식을�구하여라.�

23.�평면� 0232 =+−+ zyx 과�자리표평면들로�둘러싸인�4면체의�체

적을�구하여라.�

24.�3각형의�세�정점�A(1,�－2,�－4),�B(8,�1,�－3),�C(5,�1,�－7)

이�주어졌다.�정점�B에서�맞은변에�그은�높이의�방정식을�구하

여라.�

25.�중심이�(1,�－2,�4)이고�평면� 0322 =−+− zyx 에�닿는�구면의�

방정식을�구하여라.�

3)Ã자체시험문제Ã

－Ã선택문제Ã

1.�두개의�령�아닌�벡토르� ba, 가� baba −=+ 를�만족하면�다음의�

식들가운데서�성립하는것은�(���)이다.�

A.� 0=⋅ba � � � B.� baba ⋅=⋅ �

C.� baba ⋅−=⋅ � � D.� bababa ⋅<⋅<⋅− �

2.�변의�길이가�1인�바른3각형�ABC에서� cba === ABCABC ,, 이

면� accbba ++ 는�(���)와�같다.�

A.�
2
3
�����B.�

2
3

− �����C.�0�����D.�3�

3.�△ABC의�정점의�자리표가�A(3,�4),�B(－2,�－1),�C(4,�5)이다.�

점�D는�변�BC에�있고� ΔABCΔABD SS
3
1

= 이면�AD의�길이는�(���)

이다.�
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A.� 2
2
7

�����B.� 23 �����C.� 22 �����D.� 2 �

4.�다음의�4개�명제�

1)�두�직선이�평행이면�경사도는�서로�같다.�

2)�만일�두�직선이�서로�수직이면�그�경사도의�적은�반드시�－1이다.�

3)�점�(1,�1)을�지나며� x축과� °30 의�각을�이루는�직선의�방정식은�

3
3

1
1
=

−
−
x
y

이다.�

4)� x축에�수직인�직선은�반드시� y축과�평행이다.�

가운데서�참명제의�개수는�(���)이다.�

A.�0�����B.�1�����C.�2�����D.�4�

5.�두�자리표축까지의�거리가�서로�같은�점� ( )yx, 의�모임은�(���)이다.�

A.� ( ){ }R∈=− yxyxyx ,,0, �

B.� ( ){ }R∈=+ yxyxyx ,,0, �

C.� ( ){ }R∈=− yxyxyx ,,0, 22
�

D.� ( ){ }R∈=+=− yxyxyxyx ,,0,0, �

6.�직선� 0=+ yx 에�관한�점� ( )ba, 의�대칭점의�자리표는�(���)이다.�

A.� ( )ba −, � B.� ( )ab,− � C.� ( )ba −, � D.� ( )ab −− , �

7.�점�P1(－2,�4),�P2(5,�3)이�주어졌다.�점�P는�P1P2의�연장선에�있

고� PPPP 221 2= 일�때�점�P의�자리표는�(���)이다.�

A.� 







3
10,

3
18

� B.� ( )5,9 � C.�(12,�2)� D.�(－10,�2)�

8.�쌍곡선의�두�기준선사이거리가�그의�모임점거리의�절반과�같다면�

쌍곡선의�리심률은�(���)이다.�

A.� 2 �����B.�2�����C.�1�����D.�A,�B,�C가�다�옳지�않다.�

9.�4개의�점�( m,2 ),�( 1,4 ),�( 33,5 + ),�(6,�3)이�한�원둘레에�놓

이면�m의�값범위는�(���)이다.�

A.�1�����B.�3�����C.�5�����D.�7�

10.�포물선� 22 +−= kxxy 와� x축이�늘�공통점을�가진다면� k가�취할

수�있는�값범위는�(���)이다.�

A.� 22≥k � � � B.� 2222 ≤≤− k �
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C.� ( ) ),22[22, ∞+−∞− U � D.� ( ) ( )∞+−∞− ,2222, U �

－Ã빈칸채우기문제Ã

11.�령�아닌�벡토르� ba, 가� baba +== 를�만족시키면� a와� ba +

의�사이각은�������

12.� { } { } { }2,5,3,4,2,3 −=−−=−= rba 이고� cbar 32 −+= 이면�

c＝������

13.�공간에서�세�점�A,�B,�C의�자리표가�각각�(0,�0,�2),�(2,�2,�0),�

(－2,�－4,�－2)이다.�점�P가�O xy평면에�있고�PA⊥AB,�PA⊥

AC이면�점�P의�자리표는�������

14.�포물선� xy 162 = 의�한�점�P로부터� x축까지의�거리가�12이고�초

점이�F일�때� =AB ������

15.�포물선� xy 42 = 의�점�M(4,�1)을�지나는�한개�활줄�AB를�그었을�

때�M이�AB의�가운데점으로�된다면�AB가�놓이는�직선의�방정식

은�������

－Ã해답문제Ã

16.�직6면체�ABCD－A1B1C1D1에서� 3,2 == ABAD ,� 2=1AA ,�E는�

BC의�가운데점이다.�

1)�어기는�두�직선�AD1와�A1E가�이루는�각의�크기를�구하여라.�

2)�D1F⊥AC�되게�긋고�밑점을�F라고�할�때� FD1 의�자리표를�구하여라.�

17.�m이�어떤�값일�때�직선� ( ) ( ) 01432 22 =+−−+−+ mymmxmm 이�

1)� y축을�잘라내는�점의� y자리표가�－1인가?( y단편이�－1인가.)�

2)� x축에�평행인가?�

3)�직선� 0532 =−− yx 에�평행인가?�

4)� 062 =+− yx 과�이루는�각이�arctan3인가?�

18.�직선� 0332 =++ yx 이�주어졌을�때�

( ) ( ) 5232 22 ≥−+− yx �

임을�증명하여라.�

19.�점�A(－3,�2)를�지나는�직선� l이� 0143 =−− yx 과�B에서�사귀고�

01323 =−+ yx 과�C에서�사귀며�점�A가�선분�BC의�가운데점이

라고�할�때�이�직선� l의�방정식을�구하여라.�
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그림�11－6

0� x �

y �

-1�

-1

1�

1�

20.�1)�방정식� 12 −= xy 의�그라프를�그려라.�

2)�그림�11－6과�같은�그라프의�방정식을�구

하여라.�

21.� 방정식� [ ]( )πααα ,01cossin 22 ∈=+ yx
이�주어졌다.�이때�서로�다른�α 에�대응하

는�방정식이�표시하는�곡선을�그려라.�

22.�타원의�중심이�원점에�있고�초점이�자리표축

에�있다.� 8.0=e 이고�한�준선의�방정식이�

4
25

−=y 이다.�

이�타원에�내접하는�가장�큰�직4각형의�면적을�구하여라.�

23.�곡선� 11 2 +=+ xy 에�있는�두�점이�직선� ay = 에�관하여�대칭일�

때�a의�범위를�구하여라.�

24.�평행4변형의�두�변은�쌍곡선의�점근선에�있고�한�정점은�쌍곡선에�

있다.�이�평행4변형의�면적은�상수이라는것을�증명하여라.�

25.�평면에서�직선� 1l 은�점�A( 0,a )을�지나면서�이동하고�직선� 2l 는�

점�B( 0,a− )을�지나면서�이동한다.�이�두�직선이�점�C에서�사귀

며�∠ACB＝
4
π
이다.�이때�△ABC의�무게중심�G의�자리길방정식

을�구하고�그�자리길도형을�설명하여라.�

26.�방정식� 020432 =+−+ zyx 을�주어진�점�M0( 000 ,, zyx )을�지

나는�평면의�방정식모양으로�표시하여라.�

27.�두�점�(2,�－15,�1),�(3,�1,�2)를�지나며�평면� 043 =−− zyx 에�수

직인�평면의�방정식을�구하여라.�

28.�점�M0( 000 ,, zyx )을�지나며�두�평면�





=+−+
=−+−

0323
0723

zyx
zyx

�

의�사귐선에�평행인�직선의�방정식을�구하여라.�

29.�직선�
3
1

124
1

−
−

==
− zyx

과�평면� 0236 =+− zyx 사이의�각을�구하

여라.�

30.�구면� 085222 222 =−−++ yzyx 의�중심과�반경을�구하여라.�
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12.Ã확률과Ã통계Ã

1)Ã문제풀이방법Ã

례�1.�5개의�수자�1,�2,�3,�4,�5가운데서�임의로�3개�수자를�취하

여�중복이�없는�3자리수를�만든다.�이때�얻어지는�수가�짝수

일�확률을�구하여라.�

(풀이)�중복이�없는�3자리수를�만들수�있는�사건의�총수는�

N＝A
3
5 �

얻어지는 수가 짝수일 사건의 수는 
K＝A 1

2 ·A 2
4 �

∴ P(A)＝
5
2

=
⋅

=
3
5

2
4

1
2

A

AA

N

K
�

례�2.�M＝{1,�2,�3,�…,�20}이라고�하고�임의의 ∈yx, M( yx ≠ )
를 취하여 다음것을 구하여라.�

1)� yx + 가�3의�배수일�확률�

2)� yx ⋅ 가�3의�배수일�확률�

(풀이)�M0＝{3,�6,�9,�12,�15,�18},� ( ) 6=0Mn �

M1＝{1,�4,�7,�10,�13,�16,�19},� ( ) 7=1Mn �

M2＝{2,�5,�8,�11,�14,�17,�20},� ( ) 7=2Mn �

라고�하면�M＝M0∪M1∪M2�

1)� yx + 가�3의�배수일�사건을�A라고�하면�임의의�한개�합�

yx + 의�가능한�기본사건의�총수는�N＝C
2
20 �

yx + 가�3의�배수�⇔� ∈yx, M0�혹은� ∈yx, M1(또는�M2)�

∈yx, M2(또는�M1) 

따라서�사건�A의�기본사건수�KA＝C
2
6 ＋C

1
7 ·C

1
7 �

∴ P(A)＝
95
32

=
⋅+

=
2
20

1
7

1
7

2
6A

C

CCC

N

K
 

2)� yx ⋅ 가�3의�배수일�사건을�B라고�하자.�

B의�나머지사건�B �《 yx ⋅ 가�3의�배수가�아니다.》를�고려

하면�

N＝C
2
20 �

yx ⋅ 가�3의�배수가�아니다�⇔� ∈yx, M1∪M2 
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∴�
B

K ＝C
2
14 �

∴�P(B)＝1－P(B )＝
190
991 =−

2
20

2
14

C

C
�

례�3.�붉은�공�6개와�푸른�공�5개가�들어있는�통에서�임의로�3개�

공을�꺼냈을�때�

1)�3개�공이�같은�색일�확률�

2)�3개�공가운데서�두�공은�붉은색,�한�공은�푸른색일�확률�

3)�3개�공가운데서�적어도�한�공이�붉은색일�확률�

을�구하여라.�

(풀이)�통에서�임의로�3개�공을�꺼내는�가능한�시행의�총수�

N＝C
3
11 �

1)�《임의로�3개�공을�꺼냈을�때�3개�공이�같은�색일�사건》

을�A,�《임의로�3개�공을�꺼냈을�때�3개�공이�붉은색일�

사건》을�A1,�《임의로�3개�공을�꺼냈을�때�3개�공이�푸

른색일�사건》을�A2라고�하면�

A＝A1＋A2�

즉�A1과�A2는�배반사건이다.�

P(A)＝P(A1)＋P(A2)＝ 11
2

=−
3
11

3
5

3
11

3
6

C

C

C

C
 

2)�《임의로�3개�공을�꺼냈을�때�두�공이�붉은색,�한�공이�

푸른색일�사건》을�B라고�하면�

P(B)＝
11
5

=
3
11

1
5

3
6

C

CC
 

3) 《임의로�3개�공을�꺼냈을�때�적어도�한�공이�붉은색일�사

건》을�C라고�하면�C는�《임의로�3개�공을�꺼냈을�때�3

개�공이�다�푸른색일�사건》을�표시한다.�

∴�P(C)＝1－P(C)＝1－
33
31

=
3
11

3
5

C

C
 

례�4.�붉은�공�6개와�횐�공�5개가�들어있는�통에서�임의로�하나씩�

3개�공을�꺼낼�때�《붉》,�《흰》,�《붉》의�순서로�나올�확

률을�구하여라.�

(풀이)�통에서�임의로�하나씩�3개�공을�꺼낼�때�가능한�사건의 총
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수는�N＝A
3
11이다.�

《하나씩�3개의�공을�꺼낼�때�순서가�〈붉〉,�〈흰〉,�〈붉〉

일�사건》을�A라고�하면�사건�A의�총수는�

K＝A
1
6·A

1
5·A

1
4 �

∴�P(A)＝
33
5

=
⋅⋅

=
3
11

1
4

1
5

1
6

A

AAA

N

K
�

례�5.�1부터�200까지�번호가�적혀있는�카드가�있다.�그가운데서�

한장을�꺼낼�때�그�번호가�다음과�같을�확률을�구하여라.�

1)�3과�5의�배수일�확률�

2)�3�또는�5의�배수일�확률�

3)�3의�배수이고�5의�배수가�아닌�확률�

(풀이)�카드의�번호가�3,�5의�배수인�사건을�각각�A,�B라고�하면�

n (A)＝66,�n (B)＝40�

1)�3과�5의�배수인�사건은�A∩B이다. 
n (A∩B)은�15의�배수인�개수이므로�n (A∩B)＝13�

∴�P(A∩B)＝
200
13

�

2)�3�또는�5의�배수인�사건은�A∪B이므로�

P(A∪B)＝P(A)＋P(B)－P(A∩B)�

＝
200
93

200
13

200
40

200
66

=−+ �

3)�3의�배수이고�5의�배수가�아닌�사건은�A∩B이므로�

P(A∩B)＝P(A)－P(A∩B)＝
200
53

200
13

200
66

=− �

례�6.�1)�5명의�생일이�5개의�서로�다른�달에�있을�확률을�구하여라.�

2)�5명의�생일이�2개�달에�있을�확률을�구하여라.�

(풀이)�5명의�생일이�12달에�있게�될�사건의�총수는�N＝
512 이다.�

1)�《5명의�생일이�5개의�서로�다른�달에�있는�사건》을�A

라고�하면�A의�기본사건수는��

KA＝A
5
12 �

∴�P(A)＝ 382.0
125

5
12 ≈=

A

N

KA �

2)�《5명의�생일이�2개�달에�있을�사건》을�B라고�하면�B의�



�

�186�

기본사건수는�

KB＝C
2
12· ( )225 − �

∴�P(B)＝
( )

008.0
12

22
5

52
12 ≈

−
=
C

N

KB �

례�7.�사건�A,�B에�대하여�P(A)＝
3
1
,�P(B)＝

4
1
,�P(A∪B)＝

5
2
일�

때�확률�P( BA U )을�구하여라.�

(풀이)�P( BA U )＝P( BA I )＝1－P( BA I )� (*)�

한편�P(A)＋P(B)≠ P(A∪B)이므로�A∩B≠ ��이다.�

따라서�P(A∪B)＝P(A)＋P(B)－P( BA I )로부터�

A∩B＝
60
11

5
2

4
1

3
1

=−+ �

식�(*)로부터�P( BA U )＝1－P( BA I )＝
60
49

�

례�8.�주사위를�6번�던졌을�때�6이�4번이상�나올�확률을�구하여라.�

(풀이)�6이�나올�확률은�
6
1
,�나오지�않을�확률은�

6
5
,�4번이상�나올�

사건은�6이�4번,�5번,�6번�나오는�사건들의�합이므로�

C

24
4
6 6

5
6
1







⋅






⋅ ＋C 






⋅






⋅

6
5

6
1 5

5
6 ＋C

6
6
6 6

1






⋅ �

( ) 009.0
23328

203156515
6
1 2

6 ==+×+×⋅= �

례�9.�학생�20명의�수학학과성적이�다음의�표와�같다.�

1222324211
586268747880848895100

학생수

성적
�

이때�학생들의�수학성적의�평균값,� 가운데값,� 2제곱편차와�

표준편차를�구하여라.�

(풀이)� 28048428895100(
20
1

×+×+×++⋅=x �

)58262268274378 +×+×+×+×+ 35.78= �
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2)�

79)7880(
2
1

=+=ξ �

28048428895100(
20
1 222222 ×+×+×++⋅=σ �

222222 )58262268274378 µ−+×+×+×+×+ �

3275.113= �

65.10=σ �

례�10.�학생�40명이�푼�수학문제수를�조사하였는데�다음과�같다.�

10711411499111109108114
11210410810011411010891
9910710310092100105108
108106109103103111107104
101110107107109105110111

�

1)�이가운데서�4명의�학생들이�푼�문제수의�평균값,�2제곱

편차,가운데값을�구하여라.�

2)�5개�급으로�나누어�빈도률분포표를�만들어라.�

3)�빈도률기둥도표를�그려라.�

(풀이)�1)� 2.106
40
1 40

1
== ∑

=i
ixx �

26.281 40

1

22 =−= ∑
=

xx
n i

iσ �

107=ξ �

140
275.011)115,110[
4.016)110,105[
225.09)105,100[
05.02)100,95[
05.02)95,90[

총

빈도률빈도수급

�

3)�(그림�12－1)�
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그림 12－1

95 105 110 1150

빈도률

문제수 100

0.1�

0.2�

0.3�

0.4�

�

�

�

�

�

�

�

�

2)Ã련습문제Ã

－Ã선택문제Ã

1.�다음�사건에서�정확히�표현한것은�(���)이다.�

A.� ( )03
2

9log ≠= aaa
은�확실한�사건이다.�

B.�한�통에�10개의�같은�구가�있는데�각각�번호�1,�2,�…,�10을�새

겼다.�임의로�한개�잡을�때�A＝{구의�번호가�짝수},�B＝{구의�

번호가�3의�배수}라고�하면�A와�B는�배반사건이다.�

C.�《 ( ) ),2[,222 ∞+∈+−= xxxxf 의�최소값은�1이다.》는�불가

능한�사건이다.�

D.�《함수� ( )xf 가�짝함수이다.》는�《함수� ( )xf 가�홀함수이다.》

의�나머지사건이다.�

2.�한가정에서�총각애와�처녀애가�태여날�가능성은�같다고�한다.�

P:�《가정에�총각애�또는�처녀애가�있다.》�

Q:�《가정에�기껏�한명의�처녀애가�있다.》�

라고�하고�이�가정에�3명의�아이가�있다면�사건�P와�Q의 관
계는�(���)이다.�

A.�P와�Q는�배반사건� � B.�P와�Q는�독립사건�

C.�사건�P가�일어나면�Q는�반드시�일어난다.�

D.�P와�Q는�서로�독립사건이�아니다.�

3.�사건�Q와�R가�서로�독립일�때�다음�식들에서�정확한것은�(���)이다.�

A.�P(Q)＝1－P(R)�� � � B.�P(Q·R)＝P(Q)·P(R) 
C.�P(Q＋R)＝P(Q)＋P(R)� � D.�P(Q·R)＝0�

4.�한개의�두자리수를�선택할�때�그것이�10의�배수일�확률은�(���)이다.�

A.�
9
2
������B.�

9
1
������C.�

10
1
������D.�

5
1
�

5.�4개�과목�수학,�국어,�영어,�물리학습장들가운데서�한권을�뽑을�때�

물리학습장이�뽑히지�않을�확률은�(���)이다.�
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A.�
4
1
������B.�0������C.�

4
3
������D.�

3
1
�

－Ã해답문제Ã
6.�4개의�붉은�공과�3개의�흰�공이�들어있는�함에서�임의의�공�3개를�

꺼낼�때�

1)�3개가�다�붉은�공일�확률을�구하여라.�

2)�2개가�붉은�공,�1개가�흰�공일�확률을�구하여라.�

7.�수험생�A,�B,�C가�입학하는�확률은�각각�
3

1
,

4

3
,

5

3
이다.�이때�다음�

확률을�각각�구하여라.�

1)�세명이�다�합격하는�확률�

2)�두명만�합격하는�확률�

3)�적어도�한명은�합격하는�확률�

8.�3개의�서로�다른�독립인�시행으로�일어나는�사건�A,�B,�C가�있다.�

A가�일어날�확률은�
2
1
이고�A,�B,�C가�모두�일어나는�확률은�

24

1
이

다.�또한�A,�B,�C가�다�일어나지�않을�확률은�
4

1
이다.�이때�사건�

B,�C가�일어날�확률을�각각�구하여라.�

9.�앞뒤가�구분되여있는�원판을�3번�던질�때�앞면이�나타나는�회수�X

의�확률분포를�구하여라.�

10.�주사위를�60번�던질�때�웃면에�1이�나오는�회수�X의�기대값과�표

준편차를�구하여라.�

11.�어느�중학교�남학생들가운데서�임의로�선출된�81명의�몸무게의�평

균값이�58.6kg,�표준편차가�4.5kg일�때�이�학교�학생들의�몸무게

의�평균값을�믿음도�95.4％로�추정하여라.�
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13.Ã도함수와Ã적분Ã

1)Ã문제풀이방법�

례�1.�다음�극한을�구하여라.�

1)�
7

)83)(52(lim 2 +
+−

∞→ n
nn

n
�� 2)� 13 52

5lim −+∞→ + nn

n

n
�

(풀이)�1)�주어진�식＝ 6
7lim1lim

40lim1lim6lim

71

4016
lim

2

2

2

2
=

+

−+
=

+

−+

∞→∞→

∞→∞→∞→

∞→

n

nn

n

nn

nn

nnn

n
�

2)�주어진�식＝ 5

5
1

5
28

1lim =

+





⋅

∞→ nn
�

례�2.�극한을�구하여라.�

1)� nnn
n

⋅−+
∞→

)1(lim �

2)� )
2

0(
sincos
sincoslim πθ

θθ
θθ

≤≤
+
−

∞→ nn

nn

n
�

3)� 







+−

++
×

+
×∞→ )12)(12(

1
53

1
31

1lim
nnn

L �

(풀이)�1)�주어진�식＝
)1(

)1()1(lim
nn

nnnnn
n ++

++⋅−+
∞→

�

2
1

111

1lim
)1(

lim =
++

=
++

=
∞→∞→

n
nn

n
nn

�

2)�
4

0 πθ ≤≤ 일�때� θθ sincos > �즉� 1tan <θ �

∴�주어진�식＝ 1
tan1
tan1lim =

+
−

∞→ θ
θ

n

n

n
�

4
πθ = 일�때�주어진�식은�0이다.�
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24
πθπ

≤< 일�때� θθ cossin > �즉� 1cot <θ �

주어진�식＝ 1
1cot
1cotlim −=

+
−

∞→ θ
θ

n

n

n
�

∴�















≤<−

=

<≤

=
+
−

∞→

)
24

(1

)
4

(0

)
4

0(1

sincos
sincoslim

πθπ

πθ

πθ

θθ
θθ

nn

nn

n
�

3)� 





+
−

−
⋅=

+−
=

∞→ 12
1

12
1

2
1

)12)(12(
1lim

nnnn
a

nn 이므로�주

어진�식은�다음과�같이�변형된다.�

=







+−

++−+−⋅
∞→ )12)(12(

1
5
1

3
1

3
11

2
1lim

nnn
L �

2
1

12
11

2
1lim =








+
−⋅=

∞→ nn
�

례�3.�극한을�구하여라.�

1)�

n

n n

221lim 





 +

∞→
� 2)�

2

1
lim 2

2 x

x x
x









−∞→

� 3)�

x

x x
x









−∞→ 1

lim 2

2

�

(풀이)�1)�주어진�식＝

4

2
4

2 21lim21lim



















 +=






 +

∞→

⋅

∞→

n

n

n

n nn
�

＝
4

4

221lim e
n

n

n
=




















 +

∞→
�

2)�주어진�식＝

11

22

2
22

1
11lim

1
11lim

+−

∞→∞→








−
+=








−
+− x

x

x

x xx
x

�
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


















−
+⋅








−
+=

−

∞→ 1
11

1
11lim 2

1

2

2

xx

x

x
e= �

3)�주어진�식＝

11

2

22

1
11lim

−−

∞→ 




















−
+

x
x

x

x x
�

한편� 0
1

1lim
1

lim 2 =
−

=
− ∞→∞→

x
xx

x
xx

�

∴�주어진�식＝ 10 =e �

례�4.� 8
2

lim
23

2
=

−
++

→ x
baxx

x
이�되도록� ba, 의�값을�결정하여라.�

(풀이)�이�분수식의�극한이�8이고�분모의�극한이� 2→x 일�때�0이

므로 2→x 일�때� 023 →++ baxx 이여야�한다.�

( ) ( ) 



 −−+−=++

2
22 223 bxaxxbaxx �

따라서� 2→x 일�때�

( )





=−⋅++

=+⋅+

0
2

222

022

2

23

ba

ba
�

∴�




=−
−=+
04

84
ba
ba

�

∴� 4,1 =−= ba �

례�5.� ( )0lim
22

22

0
>

−+

−+
→

a
bbx
aax

x
을�구하여라.�

(풀이)�주어진�식＝
( )( )( )
( )( )( )bbxaaxbbx

bbxaaxaax
x ++++−+

++++−+
→ 222222

222222

0
lim �

( )( )
( )( )aaxbbx

bbxaax
x ++−+

++−+
=

→ 22222

22222

0
lim

aa
bb

+

+
= �
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( )

( )





>

≤
=

+
=

0

00

2 b
a
b
b

a
bb

�

례�6.� ( ) xxxfy 23 2 −== 가�주어졌다.�

1)�도함수의�정의를�리용하여� ( )2f ′ 를�구하여라.�

2)�곡선� xxy 23 2 −= 의� 2=x 에서의�접선의�방정식을�구하

여라.�

(풀이)�1)� ( )
x
yf

x ∆
∆

=′
→∆ 0

lim2 �

( ) ( )[ ] ( )
x
xx

x ∆
×−×−∆+−∆+

=
→∆

22232223lim
22

0
�

( ) 1025lim
0

=×=
→∆x

�

2)� 2=x 에서� 8=y 이고�기하학적의미로부터� 2=x 에서의�

접선의�방향곁수는� ( ) 102 =′f �

∴� ( )2108 −=− xy �

∴� 01210 =−− yx �

례�7.�다음�함수의�도함수를�구하여라.�

1)�
345 xy −= � � � 2)� ( )52 53 +−= xxy �

3)� ( ) ( )13252 25 −++= xxxy � 4)� xxy 43 cossin += �

(풀이)�1)� ( ) ( ) 233 12445 xxxy −=
′

−=
′

−=′ �

2)� ( )( )′+−=′
52 53xxy �

( ) ( )′+−+−= 53535 242 xxxx �

( )( )42 53325 +−−= xxx �

3)� ( ) ( ) ( )+−+′++=′ 13252525 24 xxxxy �

( ) ( )52 52132 +
′

−++ xxx �
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( ) ( ) ( )( )( )
( ) ( )
( ) ( )5562852

15620810302052

5252341325210

24

224

424

+++=

++++−++=

++++−++=

xxx

xxxxxx

xxxxxx

�

4)� ( )′+=′ xxy 43 cossin ( ) ( )′+
′

= xx 43 cossin �

( )

( )xxx

xxxx

2

32

cos4sin32sin
2
1

sincos4cossin3

−=

−+=
�

례�8.�점�(2,�0)을�지나며�곡선�
3xy −= 과�접하는�직선의�방정식을�

구하여라.�

(풀이)�점�(2,�0)은�곡선에�놓이지�않으므로�접점을� ( )3
00 , xx − 이라

고�하면�접선의�방정식은�

( )( )0
2
0

3
0 3)( xxxxy −−=−− �

접선이�(2,�0)을�지나므로�

( ) 3
0

2
00

2
0

3
0 36230 xxxxx +−=−−=+ �

026 3
0

2
0 =+− xx �

3,0 00 == xx �

곡선의�방정식으로부터� 00 ≠x 이므로�

27,3 00 −== yx �

2733 2 −=×−=k �

∴� 05427 =−+ yx �

례�9.�함수� 193 23 +−−= xxxy 의�증가구간,�감소구간을�구하여라.�

(풀이)� ( ) ( )( )313323963 22 −+=−−=−−=′ xxxxxxy �

( )( ) 031 <−+ xx  즉 31 <<− x �(감소구간)�

( )( ) 031 >−+ xx  즉 1−<x  혹은 3>x (증가구간)�

례�10.�함수� 54 23 +++= bxaxxy 가�
2
3

=x 과� 1−=x 에서�극값을�

가진다.�

1)�함수의�식을�구하여라.�

2)�이�함수의�단조구간을�구하여라.�

3)� ( )xf 의�[－1,�2]에서의�최대,�최소값을�구하여라.�
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4)�그라프를�그려라.�

(풀이)�1)� baxxy ++=′ 212 2
�

2
3

=x 과� 1−=x 에서�극값을�가지므로�

( ) ( )







=+−⋅+−⋅

=+⋅+





⋅

012112

0
2
32

2
312

2

2

ba

ba
�

∴� 18,3 −=−= ba �

∴� 51834 23 +−−= xxxy �

2)� ( )( )321618612 2 −+=−−=′ xxxxy �

4
6116

00
2
3

2
3

2
3111

 극소 극대 −==

+−+′

>=<<−−=−<

yyy

y

xxxxxx

�

(－∞,�－1)∪(
2
3
,�＋∞)는�증가구간이고�(－1,�

2
3
)은�

감소구간이다.�

3)�머물점�
2
3,1−=x 은�[-1,�2]

에�속한다.�

( ) 161 =−f �

( )
4
61112 −>−=f �

따라서� ( )xf 는�[－1,�2]에

서�최소값�
4
61

− ,�최대값(극

대값)�16을�가진다.�

4)�(그림�13－1)�

례�11.�함수� ( ) ( ) 11 22 −−= xxf 의�극값을�구하여라.�그리고�구간�

(－∞,�＋∞),�[－2,�2],�(－1,�1)에서의�함수의�최대,�최

소값을�구하고�[－2,�2]에서의�그라프를�그려라.�

3

-5�

-1�

y

x �

5

10

15

y=4x3-3x2-18x+5�

0�

-10

그림�13-1�



�

�196�

-1�

그림 13－2�

y �

x �

8�

2�-2

0�

그림�13－3�

A(3,0)�

C

x �

y

0�

B(5,3)�

(0,2)�

그림�13－4�

0�

x �

y

(-1,0)

A

B (0,-1)�

(1,0)�

(2,0)�

D�

C�

E(2,1)�

S1�

S2�

(풀이)� ( ) ( )( )114212 2 +−=⋅−=′ xxxxxy �

∴� ( ) 0=′ xf �머물점�－1,�0,�1�

( ) ( ) ( ) 00,111 =−==− fff �

0=x 일�때�극대값�0�

1±=x 일�때�극소값�－1�

(－∞,�＋∞)에서� ( )xf 의�최대값은�없고�

최소값은�－1이다.�

[－2,�2]에서� ( )xf 의�최대값은� ( )2−f �

( ) 82 == f ,�최소값은�－1이다.�

(－1,�1)에서� ( )xf 의�최대값은� ( ) 00 =f ,�최소값은�없다.�

그라프는�그림�13－2와�같다.�

례�12.�정적분의�기하학적의미를�리용하여�다음의�정적분을�구하여라.�

1)� ( )∫ +
3

0

2 dxx � 2)� ( )∫
−

−
2

1

1 dxx �

(풀이)� 1)� ( )∫ +
3

0

2 dxx 는� 직선� 2+= xy ,�

0=x ,� 3=x ,� 0=y 으로�둘러싸

인� 제형� OABC의� 면적이다.(그림�

13－3)�

( ) ( )
2
21352

2
12

3

0

=⋅+⋅=+∫ dxx �

2)�
( )
( )




<≤−
<≤−−−

=−=
201
011

1
xx
xx

xy �

( )∫
−

−
2

1

1 dxx 는� 직3각형� CDE

와�2등변3각형�ABC의�면적의�

차이다.�

즉� ( ) 21 SS −=−∫
−

2

1

1 dxx �

△ABC는� x축�아래쪽에�있으므로� 2S− 은�[－1,�1]에서

의�대응하는�정적분값이다.�
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그림�13－5�

S�

x �

y

0�

xy = �

P�

xy 2= �

P´ 
Q�

그림�13－6�

A

x �

y

0�

B(H,R)�

(0,r)�

( )
2
112

2
111

2
11

2

1

−=××−××=−=−∫
−

21 SSdxx �

(다른�방법)� ( ) ( ) ( )∫∫∫ −+−−=−
−−

2

0

0

1

2

1

111 dxxdxxdxx �

2
12

2
41

2
1

22

2

0

20

1

2

−=−+−=







−+








−=

−

xxxx
�

례�13.�곡선�
2xy = 과�직선� xyxy 2, == 로�둘러싸인�면적을�구

하여라.(그림�13－5)�

(풀이)�포물선�
2xy = 과�직선� xy = 의�사귐

점은�P(1,�1),�
2xy = 과� xy 2= 의�사

귐점은�Q(2,�4)이다.�

점�P를�지나� y 축에�평행인�선을�그어�

xy 2= 와�사귀는�점을�P′라고�하면�

면적�S＝△OPP′의�면적＋곡선도형�

PP′Q의�면적�

[0,�1]에서� 02 ≥> xx 이므로�

△OPP′의�면적＝ ( )∫ −
1

0

22 dxxx �

[1,�2]에서� 02 2 >> xx 이므로�

곡선도형�PP′Q의�면적＝ ( )∫ −
2

1

22 dxxx �

∴�S＝ ( )∫ −
1

0

22 dxxx ＋ ( )
6
72

2

1

2 =−∫ dxxx �

례�14.�직각자리표계에서�선분�AB의�두�끝점�

A,� B의� 자리표는� A(0,� r ),� B(H,�

R)(R＞ r )이다.�

선분�AB를� x 축주위로�한바퀴�회전하

여� 얻은� 회전체의� 체적� V를� 구하여

라.(그림�13－6)�

(풀이)�AB의�방정식�
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그림 13－7�

y

x �0�

Q�

P
(0,-2)

(0,4)�

( )H
H

R
≤≤+

−
= xrxry 0 �

V＝ ∫ 





 +

−H

0

2

dxrxr
H

Rπ �

∫ 





 +

−






 +

−
−

=
H

0

2

rxrdrxr
r H

R

H

R

R

Hπ
�






 +=







 +

−

⋅
−

= + 22

H

0

3

33
rr

rxr

r
RR

HH

R

R

H ππ
�

례�15.�
22xy = 와� 4−= xy 로�둘러싸인�도형의�면적을�구하여

라.(그림�13－7)�

(풀이)�
22xy = 과� 4−= xy 의�사귐점

을�구하면�P(2,�－2),�Q(8,�4)

이다.�

적분변수를� y라고�하면�[－2,�4]

에서� y는�모두�

0
2

4
2

>>+
yy �

∴�S＝ ( ) 18
2

4
4

2

2

=







−+∫

−

dyyy �

2)Ã련습문제Ã

－Ã선택문제Ã

1.� 0
1

lim =






+∞→

n

n r
r

이다.� r가�취할수�있는�값범위는�(���)이다.�

A.�
2
11 <<− r ���B.�

2
1

−>r ���C.� 1−>r ���D.�
2
1

>r �

2.�무한같은비수렬의�매개�마디의�합은�9이고�매개�마디의�2제곱의�합
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은�
2
81

과�같다.�이때�첫�마디는�(���)이다.�

A.�
3
1
�����B.�3�����C.�6�����D.�9�

3.� ( ) 1342lim 2 =+−−
∞→

knnn
n

일�때� k의�값은�(���)이다.�

A.�1�����B.�2�����C.�3�����D.�4�

4.� ( ) ( ) ( ) ( )1111 2 −≠++++++ xxxx n
L 에서� x 를�포함하는�마디의�

곁수는�S n ,�
2x 을�포함하는�마디의�곁수는�P n이다.�이때�

3lim
n

nn

n

SP −
∞→

의�값은�(���)이다.�

A.�1�����B.�6�����C.�
2
1
�����D.�

6
1
�

5.� )(lim nnn
ba +

∞→
이�존재하면� nn

a
∞→

lim 과� nn
b

∞→
lim 은�(���)이다.�

A.�모두�존재한다.� � � B.�모두�존재하지�않는다.�

C.�한개는�존재하고�다른�한개는�존재하지�않는다.�

D.�A,�B,�C�세�경우가�다�있을수�있다.�

6.� ( )xfy = 의�도함수가� ( ) 56 2 +=′ xxf 일�때� ( )xf 는�(���)일수�있다.�

A.� xx 53 2 + ���B.� 652 3 ++ xx ���C.� 52 3 +x ���D.� 656 2 ++ xx �

7.�함수�
23 3xxy −= 의�머물점은�(���)이다.�

A.� 2,0 == xx � � � B.� 3,0 == xx �

C.�(0,�0),�(2,�－4)� � D.�(0,�0),�(3,�0)�

8.� ( )xf 는� ( )xg 의�원시함수이고� c는�상수이다.�

다음�함수들가운데서� ( )xg 와�다른�원시함수는�(���)이다.�

A.� ( )cxf + ����B.� ( )xcf ����C.� ( ) cxf + ����D.� ( )xf ′ �

9.� ( )xf 가�홀함수이면� ( )∫
b

a

dxxf ＝(���)이다. ( )0, >ba �

A.� ( )∫
−

a

b

dxxf � � � � B.� ( ) ( )∫∫ −
ba

dxxfdxxf
00

�
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그림 13－8�

y

x �0�

-1

)(xfy = �

3�

S

C.� ( ) ( )∫∫ +
ba

dxxfdxxf
00

� � D.� ( ) ( )∫∫
−

+
a

b

a

dxxfdxxf
0

�

10.�그림�13－8과�같이� ( ) 3,1,0, =−=== xxyxfy 으로�둘러싸인�

곡선제형의�면적�S는�(���)로�표시된다.�

A.� ( )∫
−

3

1

dxxf � � B.� ( )∫
−

1

3

dxxf �

C.� ( )∫
−1

3

dxxf � � D.� ( )∫
−3

1

dxxf �

－Ã빈칸채우기문제Ã

11.� n

n

284 3333lim ⋅⋅⋅⋅
∞→

L ＝�����

12.� ba, 가�모두�정수일�때� nn

nn

n ba
ba

+
+ ++

∞→

11

lim ＝�����

13.�

n

n n
n −

∞→








+

1

1
lim ＝�����

14.�수렬�－5.138,�－5.138�8,�－5.138�88,�…의�극한은������

15.�함수� ( )xf 의�도함수는� ( ) 32 2 +=′ xxf 이다.�

( ) 21 −=−f 일�때� ( )xf ＝�����

16.� ∈n N일�때� ( )∫
−

+−
a

a

nn dxxx 1
＝�����

-Ã해답문제Ã

17.�
1

lim
32

1 −
−++++

→ x
nxxxx n

x

L
의�값을�구하여라.�

18.� 0
1
1lim

2

=







−−

+
+

∞→
ban

n
n

n
일�때�상수� ba, 의�값을�구하여라.�

19.�함수�
3xy = 의�그라프의�한�점�P( 1,1 −− )을�잡고�점�Q(

3, xx )�

( )1−≠x 은�이�그라프의�임의의�점이라고�하자.�

1)�직선�PQ의�방향곁수를� x로�표시하여라.�



�

� 201�

2)� PQkk
x 1
lim

−→
= 이라고�하면� k의�값은�얼마인가?�

3)�점�P를�지나며�방향곁수가� k인�직선의�방정식을�구하여라.�

20.� ( ) ( ) ( ) ( ) ( ) 21,17, =−=∈= fnfnfnnfy N 이다.�

( ) ( ) ( )[ ]nfff
n

+++
∞→

L21lim 의�값을�구하여라.�

21.�2차함수� ( ) ( ) ( )N∈++−+= nxnxnny 1121 2
가�주어졌다.�2차함

수의�그라프가� x축을�끊어내는�선분의�길이의�총합을�구하여라.�

22.� ( ) ( ) ( ) cxbxaxf +−+−= 11 3
가�주어졌다.� ( ) ( ) ,22,11 =′= ff �

( ) 33 =′′f 일�때� cba ,, 의�값을�구하여라.�

23.�두�직선� axxy += 3
와� cbxxy ++= 2

가�다�점�P(1,�2)를�지난다.�

점�P에서�공통접선을�그었다면� cba ,, 의�값은�얼마인가?�

24.�함수� ( )632 <≤−+= xxy 의�그라프를�그리고�정적분의�기하학

적의미를�리용하여� ( )∫
−

+
b

dxx
3

2 의�값을�구하여라.�

25.�직선� ay = 가�두�포물선� 42 +−= xy 와� 2
2
1 2 −= xy 로�둘러싸인�

도형의�면적을�2등분한다면�a의�값은�얼마인가?�

26.�곡선�
22xy = 과�

3xy = 으로�둘러싸인�도형을� x축주위로�한바퀴�

회전할�때�생기는�회전체의�체적을�구하여라.�

3)Ã자체시험문제Ã

－Ã선택문제Ã
1.�무한수렬 

①�0.9,�0.99,�0.999,�…,� 





 − n10

11 ,�…�

②�1,�
3
1
,�

9
1
,�…,� 13

1
−n ,��…�

③�3,�3,�3,�…�

④�1,�－1,�1,�－1,�…,� ( ) 11 −− n
,��…�

가운데서�극한을�가지는것은�(���)개이다.�

A.�1�����B.�2�����C.�3�����D.�4�

2.�다음�명제들가운데서�정확한것은�(���)이다.�
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A.� aann
=

∞→
lim 이면� aann

2lim 2 =
∞→

�

B.� aann
=

∞→

2lim 이면� aann
=

∞→
lim �

C.� bbaa nnnn
==

∞→∞→
lim,lim 이면�

b
a

b
a

n

n

n
=

∞→
lim �

D.� 0lim,lim ==
∞→∞→ nnnn
baa 이면� 0lim =

∞→ nnn
ba �

3.�함수� ( )xfy = 의�뜻구역은�M,�그의�도함수� ( )xf ′ 의�뜻구역은�N일�

때�M,�N의�관계는�(���)이다.�

A.�M＝N�����B.�M⊂N�����C.�M⊃N�����D.�M∩N＝���

4.� 함수� ( )1421
3
2 23 −<+−






 ++−= axx

a
axy 의� 증가감소구간은�

(���)이다.�

A.� 







a
a 1, � � � � B.� 






 a
a

,1
�

C.� ( ) 





 ∞+∞− ,1,
a

a U �� D.� ( )∞+





 ∞− ,1, a

a
U �

5.� ∫
2

1

2dxxπ 는�(���)을�표시한다.�

A.�
2xy = 과�직선� 2,1,0 === xxy 로�둘러싸인�곡선도형의�면적�

B.�
2xy = 과�직선� 2,1,0 === xxy 로�둘러싸인�곡선도형을� x축

주위로�한바퀴�회전시킨�회전체의�체적�

C.� xy = ,� 2,1,0 === xxy 로�둘러싸인�곡선도형의�면적�

D.� xy = ,� 2,1,0 === xxy 로�둘러싸인�곡선도형을� x축주위로�

한바퀴�회전시킨�회전체의�체적�

－Ã빈칸채우기문제Ã

6.�0.(10)＋0.0(10)＋0.00(10)＋�…�＝������

7.�A 0≠ 이라고�하면�
BA +∞→ 2

1lim
nn

＝������

8.�곡선�L에�점� x밖에서�접선을�그었을�때�방향곁수가� 4
4
3 2 +x 이다.�

곡선�L의�방정식은�������
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그림 13－9

y

x �0� O1

1c

O2 O3

2c
( 1a ,0)

0443 =−+ yx
9.� =∫

−

3

2

34 dxx �

10.� )0(182 >=∫
−

adxx
a

a

이면�

=a ������

－Ã해답문제Ã

11.� 그림� 13－9에서� 원중심이� 각각� O1( 0,1a ),� O2( 0,2a ),� …,�

O n ( 0,na )이고�대응하는�반경이�각각� LL ,,,, 21 nrrr 인�반원�C1,�

C2,� …,� C n ,� …이� 순서대로� 서로� 접한다.� 그리고� 모두� 직선�

0443 =−+ yx 과�접하고�반원�C1는� y축과도�접한다.�

1)� 321 ,, rrr 의�값을�구하여라.�

2)�n개�반원둘레의�합�S n을�구하여라.�

3)�반원둘레들의�합�S를�구하여라.�

12.�곡선� 32 3 −+= xxy 의�접선과�직선� 17 −= xy 이�평행이다.�접점

의�자리표와�접선의�방정식을�구하여라.�

13.�함수� ( ) ( )42 2xxxfy −== 가�있다.� y ′′를�구하여라.�

14.�함수� ( ) ( )R∈−+== aaaxxxfy 23
가�주어졌다.�

1)� a가�변할�때� 0xx = 이� ( )xf 의�극값점이라고�하면�점� ( )( )00 , xfx
의�자리길의�방정식을�구하여라.�

2)�a가�변할�때� ( )xf 의�단조구간을�구하여라.�

15.�포물선�C:�
22xy = ,� 1l :�점�A(1,�－2)를�지나는�포물선�C의�접

선,� 2l :� ( )1−≠= aax 일�때�C,� 21 , ll 로�둘러싸인�도형의�면적�S

를�구하여라.�
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종합시험문제Ã
△Ã1차Ã
－Ã빈칸채우기문제Ã

1.�함수� ( )02 ≤= xy x
의�거꿀함수는�������

2.�안같기식� 11
<

x
의�풀이모임은�������

3.�수렬�{ }na 에서� nn aaa
2
1,2 11 −== + 일�때� 4a ＝������

4.�
i
i21+
＝������

5.�
5
4sin =α 이고�α 가�2사분구의�각일�때� α2tan ＝������

6.�바른4각뿔의�옆면이�모두�바른3각형일�때�옆모서리와�밑면사이의�

각의�크기는�������

7.� ( )23741
21lim

−++++
+++

∞→ n
n

n L

L
＝������

8.�
6
23lim 2

23

2 −−
++

−→ xx
xxx

x
＝������

9.�2마디식�

6
2

2 







+

x
x

의�전개식에서�상수마디는�������

10.�F1,�F2가�타원� 3649 22 =+ yx 의�두�모임점이고�PQ는�F1를�지나

는�활줄이다.�△PF2Q의�둘레의�길이는�������

－Ã선택문제Ã

11.�직선� 5=+ yx 의�방향곁수는�(���)이다.�

A.�arcsin 







−
2
2

�� � B.�arccos 







−
2
2

�

C.�arctan ( )1− � � � D.�－arctan1�

12.�5개�선분의�길이가�각각�3,�4,�5,�7,�9일�때�이�선분들가운데서�임

의로�3개�취하여�3각형을�만들수�있는�확률은�(���)이다.�

A.�
10
3
�����B.�

2
1
�����C.�

5
3
�����D.�

5
2
�
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13.�함수� xxy ππ cossin2 ⋅= 는�(���)이다.�

A.�주기가�
2
π
인�홀함수�� B.�주기가�1인�홀함수�

C.�주기가�
2
π
인�짝함수� � D.�주기가�2인�짝함수�

14.�타원의�모임점은�F1(－1,�0),�F2(1,�0)이다.�P는�타원의�한�점이

고�｜F1F2｜은�｜PF1｜과�｜PF2｜의�같은차를�가지는�가운데마디

이다.�이�타원의�방정식은�(���)이다.�

A.� 1
916

22

=+
yx

� � B.� 1
1216

22

=+
yx

�

C.� 1
34

22

=+
yx

� � D.� 1
43

22

=+
yx

�

15.�점�P ( )yx, 의�자리표가� yx arccosarcsin = 를�만족시킬�때�점�P의�

자리길은�(���)이다.�

A.�
4
1
원�����B.�반원�����C.�타원�����D.�

4
1
원�

16.�다음의�3개�명제�

1)�직선�a∥평면�M,�직선�b ⊂평면�M�⇔�a∥b �
2)�직선�a∥평면�M,�직선�b∥평면�M�⇔�a∥b �
3)�평면�M∩평면�N＝a ,�직선�b∥ a �⇔�b∥평면�M이고�b∥N�

가운데서�정확한�명제의�개수는�(���)이다.�

A.�0개�����B.�1개�����C.�2개�����D.�3개�

17.�7개�수자�1,�2,�3,�4,�5,�6,�7로�중복이�없이�만들수�있는�서로�다

른�3자리짝수의�개수는�(���)이다.�

A.�45�����B.�90�����C.�120�����D.�2�160�

18.�함수� 





 +=

3
2sin πxy 의�그라프는�함수� xy 2sin= 의�그라프를�

(���)하여�얻어진다.�

A.�오른쪽으로�
3
π
만큼�평행이동� B.�오른쪽으로�

6
π
만큼�평행이동�

C.�왼쪽으로�
3
π
만큼�평행이동�� D.�왼쪽으로�

6
π
만큼�평행이동�

19.�조건�ㄱ)�
22 ba > ,�조건�ㄴ)� cba << 가�주어졌다.�조건�ㄱ)은�

조건�ㄴ)의�(���)이다.�
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A.�충분하고�불필요한�조건�

B.�필요하고�불충분한�조건�

C.�필요충분조건�

D.�필요하지도�충분하지도�않는�조건�

20.� kjia
4
1

4
1

2
1

++= ,� kjib
3
1

3
2

3
1

−−= 이고� kji == 이며� i ,�

j ,� k 는�둘씩�서로�수직이다.�이때� ( ) ( )ji 43 ⋅ 은�(���)이다.�

A.�1�����B.�－1�����C.�0�����D.�
2
1
�

－ 해답문제Ã

21.�함수�
x
xxy
23 2−

= 의�그라프를�그려라.�

22.�함수� 2
3
1 23 +−= xxy 가�주어졌다.�점�P(3,�2)를�지나는�접선의�

방정식을�구하여라.�

23.�곡선� 322 ++−= xxy 과�직선� 62 +−= xy 으로�둘러싸인�구역이�

있다.�

1)�이�구역의�면적을�구하여라.�

2)�이�구역을� x 축주위로�회전하여�이루어지는�회전체의�체적을�

구하여라.�

24.�수렬�{ }na 에서�n째�마디까지의�합은�Sn≠0이고�

=na S ⋅n S ( )21 ≥− nn , 21 =a 이다.�

1)�수렬�








nS
1

은�같은차수렬이라는것을�증명하여라.�

2)� nn
n Slim ⋅

∞→
의�값을�구하여라.�

25.�3각뿔�A－BCD에서�AB＝CD＝3,�AD＝BC＝4,�∠BAD＝∠BCD

＝90°,�AE⊥평면�BCD이다.�

1)�어기는�직선�AB,�CD는�서로�수직이라는것을�증명하여라.�

2)�2면각�A－BD－C의�크기를�구하여라.�

3)�3각뿔�A－BCD의�체적을�구하여라.�

26.�1)� k가�어떤�값일�때�직선� l :� 01 =+− yx 이�곡선�

0)(2 222 =−++ yxkxx 을�잘라내는�선분의�길이가�가장�짧겠
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는가?�그의�최소길이를�구하여라.�

2)� k 가�어떤�값일�때�방정식� 0)(2 222 =−++ yxkxx 이�표시하

는�곡선의�종류를�밝혀라.�

△Ã2차Ã
－Ã빈칸채우기문제Ã

1.�함수� 12 −= xy ( )0≤x 의�거꿀함수는�������

2.�다음�식을�간단히�하여라.�

5
2sin1 π

− ＝������

3.� 0<b 일�때�복소수�bi의�삼각형식은�������

4.�함수� xy arcsin2= 의�값구역은�������

5.�

23

1
lim

+

∞→







+

x

x x
x

＝������

6.�바른6면체�ABCD－A1B1C1D1에서�M,�N,�P는�각각�AA1,�AB1,�

B1D1의�가운데점이다.�MN과�BP가�이루는�각은�α ＝������

7.� ( )cbacba >>,, 는�같은비수렬을�이룬다.�그�합은�13이고�적은�

27이다.�이�같은비수렬의�공통비는�q＝������

8.�수자�1,�2,�3,�4,�5로�30�000보다�크고�중복이�없는�다섯자리수를�

개�만들수�있다.�

9.� ( ) ( ) ( )nnnn
nn

n ++++++
++

∞→ L21
12lim

2

＝������

－Ã선택문제Ã

10.�M＝ { }0)(),( =− xyxyx ,�N＝ { }1),( 22 =− yxyx ,�P＝M∩N일�

때�P의�원소의�개수는�(���)이다.�

A.�1개�����B.�2개�����C.�3개�����D.�4개�

11.� bayx <<>> 0,1 일�때�다음의�안같기식�

1)�
yx aa > �����2)�

xx ba > �����3)�
xyyx aa −+ > �

에서�반드시�성립하는�개수는�(���)이다.�

A.�0개�����B.�1개�����C.�2개�����D.�3개�

12.�두�벡토르� jia 43 +=
r

,� jib 2+−=
r

가�주어졌다.� a와� b 사이의�

관계는�(���)이다.�
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A.�
3
π
�����B.�arccos

5
1
�����C.�arccos

5
5
�����D.�

4
π
�

13.�한�주기에서� )sin(A ϕω += xy 가�
12
π

=x 일�때� ,2max =y � π
12
7

=x

일�때� 2min −=y 이다.�함수의�식은�(���)이다.�

A.� 





 −=

3
sin
2
1 πxy � � B＝ 






 +=

3
2sin2 πxy �

C＝ 





 −−=

62
sin2 πxy � � D.� 






 +=

6
2sin2 πxy �

14.�함수� )( 3 xxay −= 의�감소구간은� 







−

3
3,

3
3

이다.� a가�취할수�

있는�값범위는�(���)이다.�

A.� 0>a �����B.�－1＜ a＜0�����C.� 1>a �����D.� 10 << a �

15.�직선�







−−=

+−=

bty

tx

3
2
11

( t는�보조변수)가�원� 422 =+ yx 를�끊어내는�

활줄의�길이가�4이다.�b의�값은�(���)이다.�

A.�3�����B.�
2
3
�����C.�－3������D.�

2
3

− �

16.� ( )42 yx − 의�전개식에서�가장�작은�곁수를�가지는�마디는�(���)

이다.�

A.�2번째�����B.�3번째�����C.�4번째�����D.�5번째�

17.�함수� cbxaxxf ++= 2)( 가�임의의� x 에�대하여� ( ) ( )xfxf =−4

이고� 





>








4
3arccos

3
2arcsin ff 이라고�하면�(���)이다.�

A.� 0,0 >> ba � � B.� 0,0 >< ba �

C.� 0,0 << ba � � D.� 0,0 <> ba �

－Ã해답문제Ã

18.� 12 =+ z 일�때� iz 31−− 의�최대값과�최소값을�구하여라.�

19.�a가�1�아닌�정수일�때� x에�관한�안같기식�
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A�

그림�14－1�

B�

C�

D�
Q�P

β �

α �

( )



>+++−

<

0223

log2log
2 axax

xaa
�

의�풀이모임을�구하여라.�

20.�포물선� 33 += xy 에�정점�A(1,�0)을�지나는�두�접선�AP,�AQ를�

그었을�때�

1)�포물선과�두�접선으로�둘러싸인�도형의�면적�S를�구하여라.�

2)�포물선과�두�접점을�련결한�선으로�둘러싸인�도형을� x 축주위

로�한바퀴�돌릴�때�얻어지는�회전체의�체적�V를�구하여라.�

21.�2면각�α －PQ－ β 의�크기는� °60 이다.�점�B,�D는�PQ에�있고��

△ABD와�△CBD는�각각�평면� βα , 에�놓이는�한�변이�2인�바른

3각형이다.(그림�14－1)�

1)�점�A로부터�평면� β 까지의�거리를�구

하여라.�

2)�2면각�A－DC－B의�크기를�구하여라.�

22.�수렬� { } C, ∈nn ZZ 에서�첫�마디� 1Z 는�

( ) 1121 =+− iZ 을�만족하고�

( )N
4
31

1 ∈
+

=+ nZiZ nn 이다.�

복소수평면에서�복소수� nZ 에�대응하는�점을�A n ( )N∈n 이라고�

하고�△A1OA2,�△A2OA3,�△A3OA4,�…,�△A n OA 1+n ,�…(O는�

원점)의�면적을�차례로�각각�S1,�S2,�S3,�…,�S n이라고�하자.�

1)�S＝
∞→n

lim (S1＋S2＋S3＋…＋S n＋…)일�때�S의�최대값을�구하여라.�

2)�arg nZ ＝ nθ ,� 654321 θθθθθθω +++++= 일�때�ω의�값범위

를�구하여라.�

�
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답과Ã지시Ã

1.Ã

2)Ã련습문제Ã
1.�B��2.�A��3.�B��4.�B��5.�D��6.�C��7.�D��8.�D��9.�A�

10.�《 ∈cba ,, N,� ba, 가� c의�배수가�아니면� ba ⋅ 는�모두� c의�배수

가�아니다.》,�거짓,�참��11.�2,�3��12.� b
b

b aba log1loglog << �

13.�C,�D,�D,�A,�B,�C��14.� ( )012 ≤+= xxy ��15.�
2e ��16.�홀�

17.� 10 << a 일�때�(－∞,�2],� 1>a 일�때�[2,�＋∞)�

18.� ( ) 185log 2
2 =+− xx 로부터� 3,2 21 == xx �즉�B＝{ }3,2 ,�C＝{2,�

－4},�A∩B⊃��이므로�A∩B는�비지�않는�모임이고�A∩C＝��이다.�

2∌A,�－4∌A�

∴�3∈A�

∴� 01933 22 =−+− aa �

∴� 2,5 −== aa �

5=a 일�때�A∩C＝��이�모순되므로�버린다.� 2−=a 는�문제의�뜻

에�맞는다.�∴� 2−=a �

19.� B∈a 이면� B∉a ,� A∉a �즉� A∈x �

∴� AB ⊂ �즉� B 는� A 의�부분모임이다.�A⊂B이므로� A∈b 이고�

A∉b 이면� BA ∉∈ bb , �

∴� AB ⊂ �

B의�원소는�모두�A 에�속하고�A 에는�B에�속하지�않는�적어도�

한개�원소가�있다.�

20.�거꿀안명제�《실수� yx, 에�대하여� yx = 이면�
22 yx = 이다.》를�증

명하자.�

( )( ) ( )
222222 00

000
yxyxyx

yxyxyxyxyx
=⇒=−⇒=−⇒

=⋅+=−+⇒=−⇒=
�

두�명제는�서로�거꿀안명제이므로�주어진�명제가�성립한다.�

21.�(그림�14-2)�

22.� 2=x �또는� 1−=x 일�때�분모가�0이고�분자는�0이�아니다.�방정식�

( ) 422 +=−− xxxy 를�만족하는�풀이를�구하는�문제로�된다.�즉�
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y

x0�

(0,�1)�

그림�14－2�

x �

y

0�-1

y

x �0�-1�x

y

0 1

-1

( ) ( ) 02212 =+−+− yxyyx �

R∈x 에�대하여�D ( ) ( ) 0281 2 ≥+++= yyy 이고�2차마디곁수�

0≠y 이므로�함수의�값구역은�

),
3

223[]
3

223,( ∞+
+−−−

−∞ U �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

23.�1)� ( ) ( )





 +=






 ⋅= bf

b
afb

b
afaf �

∴� ( ) ( )bfaf
b
af −=







�

2)� ( ) ( ) ( ) ( )afafaafaf nnn +=⋅= −− 11
�

( ) ( ) ( )anfafaaf n ==+⋅= − L2
�

24.� xx >+ 21 이므로� 01 2 ≥+>++ xxxx �

즉� 0>y �
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∴�
21 xxy +=− �

량변을�2제곱하면� ( )0
2

12

>
−

= y
y

yx �

따라서�구하려는�거꿀함수는� ( )0
2

12

>
−

= x
x

xy �

25.� 06,4,0 2 >−−−≠≤ xxxx �

따라서�뜻구역은�(－∞,�－4)∪(－4,�－2)�

26.� 0>≥ ba 이라고�하면� 1,0 >≥−
b
aba �

지수함수의�성질로부터� 1≥







−ba

b
a

�

ba <<0 라고�하면� 10,0 <<<−
b
aba �

마찬가지�방법으로�

+∈Rba, 일�때� 1>







−ba

b
a

�즉�
baba ba −− > �

∴�
abba baba > �

3)Ã자체시험문제Ã

1.� B� � 2.� D� � 3.� D� � 4.� A� � 5.� A� � 6.� D� � 7.� 32 <≤ x 이면�

062 ≤−− xx 이므로�참��8.�(－∞,�
7
9
)∪(

7
9
,�＋∞)�

9.� ( )1,0
1

log3 x
xy
−

= ��10.�(－∞,�2],�[2,�＋∞)�

11.� ( ) ( )
1

1
−

=+
x

xgxf �� ①�

( ) ( )
1

1
−−

=−
x

xgxf � ②�

①＋②하면�

( ) ( )
1

,
1

1
22 −

=
−

=
x

xxg
x

xf �

12.�PQ＝ ( )10 ≤≤ xx 이라고�하면�PN＝ x−4 �



�

� 213�

그림�14－3�

y �

x �0�
-1�

1�

△APQ∽△ABF이므로�
21
AQ

=
x

�

즉�AQ＝ x2 ,�PS＝ x22 − ,�PM＝ x22 + �

따라서�직4각형�PNDM의�면적��

( )( )
2
25

2
32224)(

2

+





 −−=+−= xxxxS �

[ ]1,0∈x 이므로�Smax＝12�

13.�
xy 9= 이므로� ( )R∈= xyx 9log �

∴� ( ) xxf 9
1 log=−

�

∴� ( ) ( )63log63 9
1 +=+− xxf �

14.�(그림�14-3)�

( )

( ) 2
lg

2lg1lg2
log

1
log

1

21

=
−+

⇒=−
+ x

y
xxy

�

( )1
2
1lg

2
1lg 2 +⇒=

+
⇒ yxy

�

( )0,1,1,02 ≠−>≠>= yyxxx �

( )0,1,012 2 ≠≠>−= yxxxy �

2.Ã

2)Ã련습문제Ã

1.�2,� 3± ��2.� ( ) ( ) ( ) abcxabcabcxcbaxf +++−++= 2
���

3.� 1)� 0≠+ ba 일� 때�
ba
bax

+
+

=
22

,� 0=+ ba 일� 때� 없다.� 또는�

baxx +== ,0 ��2)�{(2,� 2 ),�( 2 ,�2)}��3)�{
2

12915 +−
,�－4,�

－6}��4)�{3}��5)� ∈a (－∞,�0)∪{1,�2}일�때���,� ∈a (0,�1)∪{1,�2}

∪{3}일�때� 2+= ax ,� ∈a {2,� 3}∪{3,�＋∞}일�때� 2±= ax �� 6)�

ππ nx +=
2

�� 7)� 3≥x 일�때�모든�수,� 3<x 일�때�없다．� � 4．�

3
2
7

−≤≤− k ��5． 6−<a ��6．�19살，15살，12살��7．�0�또는�
100

1
��
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8．�10L��9．�3：4：6��10．�16번째��11．�120 h
km ，�150 h

km �

3)Ã자체시험문제Ã

1．A��2.�B��3.�2��4.� 







4
5,0 ,� 








5
1,0 ��5.�1)�{ } [ ),22 ∞+− U �

2)� 0≠+ ba 일�때�
( )

( )ba
babax

+
−−−

=
3

12 22

,�

0=+ ba 일�때�
222 11 ababa −=−−− ,�

1±=a 일�때�임의의�수,� 1±≠a 일�때�풀이는�없다.�
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따라서�△CEF는�2등변3각형이다.�

5.�그림�14-9에서�EFGH가�직4각형이라는것을�쉽게�증명할수�있다.�

FE를�연장하여�AD와의�사귐점을�D1

라고�하면�△AFD1＝△CDH이므로�

FD1＝HD�

한편�BE∥DG이므로�FD1＝HD이며�평

행이다.�따라서�4각형�DD1FH도�평행4

변형이다.�

∴�FH＝DD1＝AD－AD1＝AD－AB�

6.�그리려는�△ABC의�정점�A에서�나가는�가운데선,�2등분선,�높이의

연장선과�외접원의�사귐점을�각각�D,�E,�F라고�하고�외심을�O라고

하자.�활줄에�수직인�직경은�그�활줄과�활등을�2등분하므로�변�BC

의�가운데점을�O1라고�하면�OO1⊥BC이고�OO1에�E가�놓이며�OO1

∥AF이다.�
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A B�

C�

F�

E�

Q�P

O�

O′ �

D� S1�

S2�

30゜�

그림�14－10�

그리하여�AO1의�연장선이�원둘레와�사귀는�점이�D로�된다.�

(그리기)�

①�점�D,�E,�F가�놓이는�즉�△DEF의�외접원의�중심�O를�찾고�외

접원을�그린다.�

②�점�O와�E를�맺는다.�

③�점�F에서�OE에�평행인�직선을�그어�원둘레와의�사귀는�점을�A

라고�한다.�

④�점�A와�D를�맺고�OE와의�사귐점을�O1라고�한다.�

⑤�점�O1를�지나며�OO1에�수직인�직선을�그어�

원둘레와의�사귐점을�B,�C라고�한다.�이때�

△ABC가�그리려고�하는�3각형이다.�

7.�(략함)��8.�(략함)�

9.�그림�14-10에서와�같이�O O′ 를�맺는�직선

이�원둘레�O′와�사귀는�점을�F,�D,�원둘레�

O와�사귀는�점을�E,�C라고�하면�

S1＝S PCQ 부채형 －S PDQ 부채형 ,�

S2＝S PCQ�반원 －S PCQ 부채형 �

그리고�반원� PDQ와�반원� PFQ의�면적은�

같으므로�

S1＋S2＝S PCQ 부채형 －S PEQ 부채형 ＝S O원  －2×S PEQ 부채형 �

＝S O원  －2(S OPQ  부채형 －S OPQ∆ )＝ )
4
3

3
(2 222 aaa −−
ππ �

∴�S1＋S2＝
2)

2
3

3
( a+
π

�

10.�AO의�연장선에�AO＝OB되는�점�B를�찍으면�B는�일정한�점이다.�

원�O의�반경을� r라고�하고�조건에�맞는�점�P를�찍으면�

AQ＝QP�

∴�BP＝2OQ＝2 r (일정)�

즉�점�P는�B를�중심으로�하고�반경이� r2 인�원둘레에�있다.�거꾸

로�원둘레�B의�임의의�점을�P라고�하고�AP의�가운데점을�Q라고�

하면�

AO＝OB,�AQ＝QP�

∴�OQ＝
2
1
BP＝

2
1
·2 r �

즉�Q는�원둘레�O의�점이며�조건에�맞는다.�따라서�자리길은�점�B
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를�중심으로�하고�반경이� r2 인�원이다.�

3)Ã자체시험문제Ã

1.�B�

2.�세�변을� cba ,, 라고�하면�DE∥BC이므로�

DE＝ cb
3
1

3
1

+ �

한편�DE＝ a
3
2

�

∴� cb
3
1

3
1

+ ＝ a
3
2

�

∴� acb 2=+ �

즉�변�BC의�2배가�나머지�두�변의�합과�같은�3각형이다.(2등변3

각형,�직3각형,�바른3각형이�될수�없다는것은�쉽게�나온다.)�

3.�(그리기)�

①�AB를�직경으로�하는�원둘레를�그린다.�

②�B를�중심으로�평행직선사이거리를�반경으로�하는�원둘레를�그

려�두�원둘레의�사귐점을�P라고�한다.�

③�P와�F를�맺는�직선을�긋고�점�E에서�이�직선에�평행인�직선을

�그어�주어진�두�평행직선과의�사귐점을�A,�B,�C,�D라고�하면

�4각형�ABCD는�등변4각형이다.�

4.�(략함)��5.�(략함)�

6.�조건에�맞는�점�P를�찍으면�

AP2＝AB·AC(일정)�

즉�점�P는�A를�중심으로�하고�반경이� ACAB ⋅ 인�원둘레에�있

다.�거꾸로�원둘레�A의�임의의�점을�P라고�하고�점�P,�B,�C를�지

나는�원�O를�그리면�

AP2＝AB·AC�

즉�AP는�원둘레�O의�점�P에서�접하며�조건에�맞는다.�따라서�구하

려는�자리길은�점�A를�중심으로�하고�반경이� ACAB ⋅ 인�원둘레

이다.�여기서�원둘레�A와�직선�AC가�사귀는�점�D,�E는�제외한다.�

7.�원의�면적을�S,�빗선친�부분의�면적을�S′라고�하면�

2
2

42
AB

AB
S ⋅=






⋅=

ππ �

그림�14－11�

A

B� C�

D E�
I�

G
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A

b

B� C�

D�

a �

x

Q�

P

그림�14－12�



















−






+
















+






=′

2222

22222222
DBCBACAD

S
πππππ �






= +− 2222

DB-CBACAD
8
π

�

( )( ) ( )( )( )DB-CBDBCBACADACAD ++−+=
8
π

�

CDDB-CBACAD ==− 이므로�

( )DBCBACADCDS +++′ =
8
π

�

ABCD
4

ABCD 2 ⋅⋅⋅= =
ππ

8
�

∴� ABCDABABCDSS :
4

::
4

: 2 ==′
ππ

�

8.�(략함)�

9.�BC＝a ,�AB＝b라고�하고�C를�A에�겹쳐놓

았을�때의�접은�자리의�선을�PQ라고�하면�

PQ는�AC를�수직2등분한다.(그림�14-12)�

ba > �

따라서�AB＜BC이므로�점�B는�PQ에�대

하여�A와�같은쪽에�있다.�따라서�PQ는�

BC와�사귄다.�마찬가지로�PQ는�변�AD

와�사귄다.�

AP＝ x라고�하면�PC＝ x �
BP＝ xa − �

∠ABP＝∠R로부터�

AP2＝AB2＋BP2�

∴� ( )222 xabx −+= �

∴�
a
bax

2

22 +
= �

PQ,�AC의�사귐점을�O라고�하면�

AO＝OC＝
2
1
AC＝

22

2
1 ba + �

PO⊥AC로부터�
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PO2＝AP2－AO2＝

2
22222

22 








 +
−







 + ba
a
ba

�

( )
2

22222

2

4224

444
2

a
babba

a
bbaa +

=
+

−
++

= �

∴�PO＝
( ) 22

2

222

24
ba

a
b

a
bab

+=
+

�

점�O는�변�AC의�가운데점으로서�직4각형의�중심이므로�

PO＝OQ�

∴�PQ＝2PO＝
22 ba

a
b

+ �

10.Ã

2)Ã련습문제Ã

1.�(지시)�두�평행선이�결정하는�평면과�주어진�평면은�반드시�하나의�

사귐점을�가진다.�평행선들가운데서�다른�한�직선은�반드시�

이�사귐점을�가진다.�

2.�(략함)�

3.�BE⊥AC되게�그으면�DE⊥AC를�증명할수�있다.�
2
3

2
2

2
1

2
ΔABC SSSS ++= �

∴�
2
3

2
2

2
1ΔACD SSSS ++= �

4.�1)�(략함)��2)�
2

63
��5.� ( ) 2222 tan bbad +−= α �

6.�직3각형�ASD에서�SD2＝AD·OD의�관계로부터�

ΔOBCΔABC
2
ΔSDC SSS ⋅= �

7.� ( ) 213 a+ ��8.� 152 ��9.�
3

380
cm3��10.�1)�arctan

2
2
��

2)� a
3
6

��3)�arccos
5
10

�4)�arcsin
6
30

��11.� ( )15
2
3

+ S�

12.� 55
4
3,5521 �



�

� 237�

3)Ã자체시험문제Ã

1.�B��2.�A��3.�A��4.�C��5.�B��6.�C��7.�A��8.�arctan
3
4
,�3cm��

9.� a32 ��10.�
4
1arcsin

6
+

π
��11.� a

βα

βα
22 sinsin

sinsin
+

�

12.�
22 3ba + ��13.�arctan

4
3
��14.�1 344cm3��15.� ( )1220 + �

16.� abh
6
1

��17.�(략함)��18.�(지시)�먼저�BD⊥AC임을�증명한다.�

19.�AE＝1�또는�2��20.�768cm2��21.�1)�
12

2
��2)�arccos

3
3
�

22.�1)�(략함)��2)�
6

3a
��23.�1)�

3
30arctan ��2)� 316 ��3)�arccos

30
30

�

11.Ã

2)Ã련습문제Ã

1.�A  2.�D��3.�B��4.�B��5.�있다��6.� 406 ��7.�2��8.�
2

23
�

9.� kji
rrr

35525 ++ ��10.�
6
5
�

11.�AC의�경사도를� k라고�하면�

k
k

31
145tan
−
−

=° �

∴�
2
1

=k �

AC의�방정식은� 





 −=−

5
14

2
1

5
2 xy  

AB의�방정식은� 





 −−=−

5
142

5
2 xy  

련립방정식을�풀면�C는� 





 −−

5
8,

5
16

�
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거리공식을�리용하면�

｜AC｜＝ 52 ,�S＝ ( ) 1052
2
1 2

=⋅ �

12.��

016133
543
32

121
2 =−+=

−
−

−
kk

k
k �

∴�
3

16,1 −== kk �

13.�점�P의�자리표를� ( )0,x 이라고�하면�

AP2＋BP2＝ ( ) ( ) ( ) 1252964 222 +−=+−+− xxx �

5=x 일�때�최소값�12�

∴�P(5,�0)�

14.�A( 0,a− ),�B( )0,b ,�C( c,0 )라고�하면�

D
λ+

+
=

1
0b

x ,� D
λ
λ

+
+

=
1
0 c

y ,� E
λ
λ
+
−

=
1
a

x ,� E
λ+

=
1
c

y ,�

F
λ
λ

+
+−

=
1

ba
x ,� F 0=y �

△ABC의�무게중심�G 





 ++++−

3
00,

3
0 cba

�즉�G 





 −

3
,

3
cab

�

△DEF의�무게중심�

G′ 













 +

+
+

+








+
+−

+
+
−

+
+

0
113

1,
1113

1
λλ

λ
λ
λ

λ
λ

λ
cccaab

�

즉�G′ 





 −

3
,

3
cab

�

따라서�같은�중심을�가진다.�

15.�직선의�방정식을� ( )13, −=−= xkykxy 이라고�하자.�

두�직선사이거리가� 5 이므로� 5
1

3
2
=

+

−

k
k

�

∴� 2,
2
1

−== kk �
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구하려는�직선의�방정식은� xy
2
1

= 와�
2
5

2
1

+= xy �또는� xy 2−=

와� 052 =−+ yx �

16.�직선의�방정식이� ( )31 −=− xky 이라고�하면�련립방정식�

( )



+−=
=−+

13
012

xky
yx

�

을�풀면�
k
k

y
k

k
x

21
21

,
21

16
+

−
=

+

−
= �

련립방정식�

( )



+−=
=−+

13
032

xky
yx

�

을�풀면�
k

y
k

kx
21

1,
21

16
+

=
+
+

= �

가운데점의�자리표는� 







+
−

+
+

k
k

k
k

21
1,

21
16

�

이�점이�직선� 01 =−− yx 에�놓이므로�

01
21

1
21

16
=−

+
−

−
+
+

k
k

k
k

�

5
2

=k �

따라서�구하려는�직선의�방정식은� 0152 =−− yx �

17.�차례로�이루는�각을� αααα 4,3,2, 라고�하면� πα << 40 이므로�

4
0 πα << �

4
3tan =α 이므로�

4
3

tan1
tan2

2 =
− α

α
�즉�

4
1tan =α �

9
13

4
3

3
11

4
3

3
1

3tan =
⋅−

+
=α ,�

7
244tan =α �
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따라서�구하려는�방정식은� ( )8
3
16 −=− xy �즉�

( )8
9

136,0103 −=−=+− xyyx �

즉� ( )8
7
246,050913 −=−=−− xyyx �

따라서� 0150724 =−− yx �

18.� kxy += 2
를� 1

2
2

2

=+ yx
에�갈아넣으면�

( ) ( ) 012142 24 =−+++ kxkx �

포물선과�타원은�서로�다른�4개의�사귐점을�가진다.�즉�우의�방정

식이�서로�다른�4개의�실수풀이를�가진다.�그�조건은�

D ( ) ( ) 0122414 22 >−⋅⋅−+= kk �

즉� 014,012 <+>− kk �

∴� 1
8

17
−<<− k �

k가�이�구간에서�값을�가질�때�그�매개�사귐점의�자리표는�

02 =+− kyx � � ①�

022 22 =−+ yx �� ②�

을�만족한다.�

①＋②하면�

0222 22 =−+−+ kyyx �즉�

22
2

216
17

4
1







 −=






 −+

kyx �

즉�원을�표시한다.�

따라서�매개�사귐점은�모든�방정식을�만족한다.�

19.� 2=x 를�점근선방정식� xy
2
3

= 에�갈아넣으면� 3=y �

점�P의�세로자리표가�3보다�크므로�점�P는�점근선� ( )0
2
3

>= xxy

과� y 축의�정방향으로�둘러싸인�구역에�놓이고�그의�실축은�반드

시� y축에�놓인다.�



�

� 241�

그의�표준방정식은� 12

2

2

2

=−
b
x

a
y

이다.�

∴�
( ) 1

3
2
223

2

2

2

2

=









−
aa

�

∴� 4,92 == ba �

따라서�구하려는�방정식은� 1
49

22

=−
xy

�

20.� yixz +=1 ,� iyxz ′+′=2 라고�하면�

( ) ( ) ixyiiyxyix ′+′−=+′+′=+ 33 �

∴� xyyx ′=′−= ,3 �즉� ( ) ( ) 655 2222 =′++′−′+−′ yxyx �

( )
( ) 1443916

3144916
22

22

=−−

−≤=′−′

xy

xyx
�

즉�구하려는�자리길방정식은�

( ) ( )31443916 22 −≤=−− yxy �

따라서�(3,�0)이�중심인�쌍곡선�아래쪽의�한가지이다.�

21.�P＝2C이므로�곡선�C2:� cxy 4= 를�갈아넣으면��

M
ca
acax

+
−

=
2

�

M을�지나며�C2의�기준선� cx −= 에�수직선을�긋고�그�밑점을�N이

라고�하면�

ca
acca

ca
caa

ca
ca

ca
acac

+
++

=
+
+

−=

+
+

=
+
−

+==

22

,

2222

222

1

2

MF

MNMF

�

즉�cos∠MF1F2＝
1

1

MF

MF ′
(M′는�M에서� x축에�그은�수직선의�밑점),�

cos∠MF2F1＝
2MF

MM ′
, 
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apb
bap

+
−

=∠⋅∠ 2

2

coscos 2112 FMFFMF  

22.�1)� ( ) ( ) 02212 =++−− zx �또는� 03 =+− zx �

2)� ( ) ( ) ( ) 016622 =++−−−− zyx �

또는� 04363 =−−+ zyx �

23.�
9
2
��24.�

136
3

0
1

102
8 +

=
−

=
− zyx

�

25.� ( ) ( ) ( ) 9421 222 =−+++− zyx �

3)Ã자체시험문제Ã

1.�C��2.�B��3.�B��4.�A��5.�C��6.�D��7.�C��8.�A��9.�B��10.�C�

11.�
3
π
��12.�







 − 3,

3
7

��13.�(－8,�6,�0)��14.�13��15.� 072 =−− yx �

16.�점�D가�원점이�되도록�공간자리표계를�만들자.�

1)�A(2,�0,�0),�B(2,�3,�0),�D1(0,�0,�2),�C(0,�3,�0),�A1(2,�0,2)

이므로�E(1,�3,�0)�

∴� =1AD {－2,�0,�2},� =EA1 {－1,�3,�2}�

1AD 와� EA1 사이의�각을�θ라고�하자.�

14
7

148
402cos −=

⋅
−+

=
⋅

=
⋅

EAD

EAD

11

11

B

B
θ 이므로�

14
7arccos−= πθ �

따라서�AD1와�AE1사이의�각은�arccos
14

7
�

2)�점�F의�자리표를� ( )0,, yx 이라고�할�때�

{ }0,,2 yx −=AF ,� { }03, y,x −−=1FC �

한편�점�A,�F,�C는�한�직선에�놓이므로�AF∥FC �

∴�
y
y

x
x

−
=

−
−

3
2

�

∴� 623 =+ yx �
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=FD1 { 2,, −yx },� =AC {－2,�3,�0},�D1F⊥AC이므로��

⋅FD1 032 =+−= yxAC �

따라서�




=+−
=+

032
623

yx
yx

이므로�










=

=

13
12
13
18

y

x
�즉� =FD1 { 2,

13
12,

13
18

− }�

17.�1)� 114,0 2 −=
−
−

=
mm

mx �

∴�
2

133±−
=m �

2)� 1,
2
3,032 2 =−==−+ mmmm (버린다.)�

3)�
8
9,

3
232

2

2

−==
−

−+
− m

mm
mm

�

4)� 3
32

2
11

32
2
1

2

2

2

2

=

−
−+

⋅−

−
−+

−

mm
mm
mm
mm

�

0322 =−+ mm 과� 0385 2 =+− mm �

∴�
5
3,3 =−= mm �

18.�점�(2,�3)으로부터� 032 =++ yx 까지의�거리가�

52
5

3322
=

−
++⋅

− �

따라서� 032 =++ yx 의�임의의�점과�점�(2,�3)의�거리가� 52 보다�

크다.(혹은�같다.)�즉�안같기식이�성립한다.�

19.�점�B의�자리표를� ( )11 , yx 이라고�하면� 0143 11 =−− yx 을�만족

시킨다.� 점� A가� 선분� BC의� 가운데점이므로� 점� C의� 자리표는�

( )11 4,6 yx −−− 이고�점�C는� 01323 =−+ yx 을�만족한다.�
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그림�14－13�

x �

y �

0� 1�-1�

( ) ( ) 0134263 11 =−−+−− yx �

∴� 4,5 11 −=−= yx �

구하려는�직선� l의�방정식은� 0113 =+− yx
이다.�

20.�1)� 12 −= xy ( 0>x ),�

( ) ( )012 <+−= xxy (그림�14-13)�

2)� ( ) 011 22 =−− yx �

21.�1)� 1,0 ±== yα �

2)�
4

0 πα << ,� 1

cos
1

sin
1

22

=+

αα

yx
(초점은�

x축에�있다.)�

3)� 2,
4

22 =+= yxπα (원)�

4)�
24
παπ

<< ,�초점이� y축에�있는�타원�

5)� 1,
2

±== xπα �

6)� παπ
<<

2
,� 1

cos
1

sin
1

22

=−

αα

yx
(초점이� x축에�있는�쌍곡선)�

7)� πα = �자리길은�없다.�

22.�준선의�방정식으로부터�타원의�초점은� y축에�있다.�

5
4,

4
252

==
a
c

c
a

 즉 3,4,5 === bca  

타원의 방정식은 1
259

22

=+
yx

 

타원의 한 점 A 





 − 29

3
5, xx 을 직4각형의 한 정점이라고 하면 

A를 정점으로 하는 내접직4각형의 면적은 S＝ 29
3
54 xx −⋅⋅  즉 
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그림�14－14�

x �

y

0�

P�

Q�

R�

S2＝ ( ) 









+






 −−=+−

4
81

2
9

9
4009

9
400 2

224 xxx  

2
92 =x 일�때� 9002 =최대S �

즉�가장�큰�직4각형의�면적은�30�

23.� axy = 에�수직인�직선은� b
a
xy +−= (b는�미정상수)�

곡선의�방정식에�갈아넣으면�

( ) 022 =−++ abyay �

∴� ( )ayy +−=+ 2221 �

∴�
( )

2
2,

2
2

2
21 +

+=
+

−=
+

=
aaabxayyy �

axy = 에�갈아넣으면�

2

32

2
22
a

aaab −−−−
= � � *)�

( ) 0422 =+++ abyay 이�풀이를�가지도록�하자면�반드시�

( ) 042 >++ aba �

식�*)에�갈아넣으면�

0423

>
−+−

a
aa

�즉� 02 <<− a �

24.�직각자리표계를�설정하면�그림�14-14와�같다.�

그림에서�평행4변형�OQPR의�한�변�

OQ는�쌍곡선의�점근선� x
a
by = 에�있고�

점�P의�자리표는� ( )00 , yx ,�OR는�

x
a
by −= 에�있다고�하자.�PQ가�놓이는�

직선의�방정식은�

( )00 xx
a
byy −−=− �

x
a
by = 를�갈아넣으면�Q의�자리표는�
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





 ++

a
aybx

b
aybx

2
,

2
0000 �

∴�SOQPR＝2S△OPQ＝ 2
1

22

1
100

2
0000

00
ab

a
aybx

b
aybx

yx =
++

(상수)�

25.�점�C의�자리표를� ( )yx ′′, ,�AC의�방향곁수(경사도)를� 1k ,�BC의�

방향곁수를� 2k 이라고�하자.�

ax
yk

ax
yk

+′
′

=
−′
′

= 21 , ,�tan∠ACB＝tan 1
4

±=





±

π
�

1
1

±=

+′
′

⋅
−′
′

+

+′
′

−
−′
′

ax
y

ax
y

ax
y

ax
y

�

02 222 =−′+′+′ ayayx �

G( yx, )를�△ABC의�무게중심이라고�하면(그림�14-15)�

OG＝
3
1
OC� *)�

이므로�
3

,
3

yyxx
′

=
′

= �

식�*)에�갈아넣으면�C가� x축웃쪽에�놓일�때�

2
2

2

9
2

3
aayx =






 −+ �

C가� x축아래쪽에�놓일�때�

2
2

2

9
2

3
aayx =






 ++ �

26.� ( ) ( ) ( ) 0242332 =−−+++ zyx ��27.� 04079 =−+− zyx �

28.�
5

5
4

3
2
1 −

=
+

=
−
− zyx

� � 29.�
91
18arcsin=ϕ � � 30.� 






 0,

4
5,0 ,�

그림�14－15�

x �

y

0�

O1�

O2�
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R
4
89

= �

12.Ã

2)Ã련습문제Ã

1.�C��2.�B��3.�B��4.�C��5.�C��6.�1)�
35
4

3
7

3
4 =

C

C
��2)�

35
18

3
7

1
3

2
4 =
×
C

CC
�

7.�1)�
20
3

3
1

4
3

5
3

=×× �

2)�A,�B,�C가�불합격으로�되는�확률은�각각�

5
2

5
31 =− ,�

4
1

4
31 =− ,�

3
2

3
11 =− �

이므로�A와�B만이�합격되는�확률은�

10
3

3
2

4
3

5
3

=×× �

B와�C만이�합격되는�확률은�

10
1

3
1

4
3

5
2

=×× �

A와�C만이�합격되는�확률은�

20
1

3
1

4
1

5
3

=×× �

따라서�우의 사건들은 서로 배반사건이므로 구하려는 확률은 

20
9

20
1

10
1

10
3

=++  

3)�세�사람�다�불합격되는�확률은�
15
1

3
2

4
1

5
2

=×× �

적어도�한명이�합격되는�사건은�3명이�다�불합격되는�사건의�나

머지사건이므로�

15
14

15
11 =− �

8.�B,�C가�일어날�확률을�각각�P1,�P2라고�하면�문제의�조건으로부터�

×
2
1

�P1×P2＝ 24
1

� � � ①�
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( )( )
4
111

2
11 21 =−−





 − PP � ②�

식�①,�②로부터�

P1＝ 3
1
,�P2＝ 4

1
�또는�P1＝ 4

1
,�P2＝ 3

1
�

9.�
1

8

1

8

3

8

3

8

1
P

계3210X

�

10.�X의�확률분포는�
6
5,

6
1,60 === qpn 인�2마디분포이므로�기대값은�

10
6
160 =⋅=⋅= pnm (번)�

표준편차는�

( ) 89.2
3

35
6
5

60
160 ≈=⋅⋅== npqXσ �

믿음도가�95.4％이므로�

5.026.585.026.58 ⋅+≤≤⋅− m �즉� 6.596.57 ≤≤ m �

13.Ã

2)Ã련습문제Ã
1.�B��2.�C��3.�D��4.�D��5.�D��6.�B��7.�A��8.�C��9.�C��10.�B�

11.�3��12.�

( )
( )
( )








<
=
>

때�일

때�일또는

때�일

bab
baba
baa

    ��13.�
-1e ��14.�

36
55− �

15.�
3
53

3
2 2 ++ xx ��16.� n 이�짝수일�때�

1

1
2 +

+
na

n
,� n 이�홀수일�때�

2

1
2 +

+
− na
n

�

17.�
( ) ( ) ( )

1
111

1

22

−
−++−+−

=
−

−+++
x

xxx
x

nxxx nn LL
�

( ) ( ) ( )1111 212 +++++++++++= −− xxxxxx nn LL �

주어진�식= �
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[ ])1()1()1(1lim 212

1
+++++++++++= −−

→
xxxxxx nn

x
LL

2
)1(321 +

=++++=
nnnL �

18.�주어진�식
( )









−−

+
+−

=
∞→

ban
n

n
n 1

21lim
2

�

( ) 



 −−

+
+−=

∞→
ban

n
n

n 1
21lim ( ) 01

1
21lim =



 −−

+
+−=

∞→
b

n
an

n
�

∴� ( ) ( ) 01lim
1

2lim1lim =+−
+

+−
∞→∞→∞→

b
n

an
nnn

�

따라서� ( )an
n

−
∞→

1lim 이�존재하지�않으면�주어진�식의�극한은�존재하

지�않으므로�문제가�모순된다.�

이로부터� ( )an
n

−
∞→

1lim 의�극한은�반드시�존재한다.�

( ) 01lim,10
1

2lim =−−=⇒=
+ ∞→∞→

anb
n nn

�

∴� 1=a ,� 1−=b �

19.�1)� 1
1
1 2

3

+−=
+
+

= xx
x
x

PQK �

2)� ( ) 31limlim 2

11
=+−==

−→−→
xx

xx PQKK �

3)� 023)1(31 =+−⇒+=+ yxxy �

20.� ( ) ( ) ( ) ( ) ( ) ( ) ( ) 27
23237,

7
22127,21 =⇒==⇒== fffffff �

∴� ( ) ( )N∈= − nnf n 17
2

(수학적귀납법을�리용하여�증명할수�있다.)�

( ) ( ) ( )[ ]
3
7

7
11

221lim =
−

=+++
∞→

nfff
n

L �

21.� 0=y 이면� ( ) ( ) 01121 2 =++−+ xnxnn �

즉� ( )[ ]( )
n

x
n

xnxxn 1,
1

10111
21
=

+
=⇒=−−+ PP �

포물선이� x축을�끊어내는�선분의�길이를� 1d 라고�하면�
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그림 14－16�

y

x �0�

(-3,5)

(6,8)�

(0,2)�

1
11

121 +
−=−=
nn

xxd PP �

∴�2차함수의�그라프가� x축을�끊어내는�선분의�길이의�총합을�S

라고�하면�

S 















+
−++








+
−+








+
−=

∞→ 1
11

12
1

2
1

11
1

1
1lim

nnn
L �

1
1

11lim =







+
−=

∞→ nn
�

22.� ( ) 11 =f 이므로� 1−=c �

( ) ( ) ( ) ( ) 23,113 2 =−−−+−⋅−=′ babxaxf �

( ) ( ) ( )116 −⋅−−=′′ xaxf �

∴�
4
5,

4
1

−=−= ba �

23.� 1,2,1 −=== cba �

24.�(그림�14-16)�

( ) 12
6

3

8=+∫
−

dxx �

25.�두�포물선은� y축에�관하여�대칭이므로�

S1 ( ) 162
2
142

2

0

22 =













 −−+−= ∫ dxxx �

직선� ay = 와� 42 +−= xy 의�사귐점의�자리표(그림�14-17)는�

( ) ( )40,4 <<−± aaa �

[ ]∫
−

−+−=
a

dxax
4

0

2
2 )4(2S �

)40(4
3

)4(4
<<−

−
= aaa

�

문제의�의미로부터�

S2＝ 2
1
S1,�

( ) 16
2
14

3
44

×=−
− aa

�

∴� 3 364 ±=a �

그림 14－17�

y

x �0�(-2,0)

(0,�4)�

(2,0)�

ay = �
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40 << a 이므로� 3 364 −=a �

26.� π
35
256

�

3)Ã자체시험문제Ã

1.�C��2.�D��3.�C��4.�C��5.�D��6.�
891
100

��7.�0�

8.� (CC++ 23

2
1

4
1 xx 는�상수)��9.�97��10.�3�

11.�1)�직선� 0443 =−+ yx 이� x 축,� y 축과�사귀는�사귐점을�각각�

A( 0,
3
4

),�B(0,�1)�

반원�Cn과� 0443 =−+ yx 이�서로�접하는�접점을�Tn( ∈n N)

이라고�하면�직3각형�AOB∽직3각형�AT1O1이므로�

2
1

3
41

3
4

1 12

1
=⇒







+

−
= r

rr
 

직3각형�AT2O2∽직3각형�AT1O1이므로�

( )

8
1

3
4

3
4

2

1

211

1

2 =⇒
−

+−





 −

= r
r

rrr

r
r

�

같은�방법으로�직3각형�AT3O3∽직3각형�AT2O2�

∴�
32
1

3 =r �

2)�
4
1,

4
1

2

3

1

2 ==
r
r

r
r

�

일반적으로�
4
1

1

=
−n

n

r
r

�

{ }nr 은�같은비수렬이고�첫�마디는�
2
1
,�공통비는�

4
1
이므로�
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Sn＝ 





 −=

−


















−

n

n

4
11

3
2

4
11

4
11

2
1

π
π

�

3)�S
∞→

=
n
lim Sn

3
2π

= �

12.� 017,077 =+−−+− yxyx �

13.� ( ) ( ) ( )32222 262136 xxxxxy −+−⋅−=′′ �

14.�1)� ( ) axxxf 23 2 +=′ �

0≠a 일�때� ( ) 02323 2 =+=+ axxaxx �

( )xf 는�머물점�
3

2,0 21
axx −== 를�가진다.�

( ) aaafaxafx −=





−−=−== 3

21 27
4

3
2,

3
2,0,0 �

극값점은� ( )a−,0 와� 





 −− aaa 3

27
4,

3
2

��

점� ( )( )00 , xfx 의�자리길방정식은�

0=x 과� xxy
2
3

2
3

27
4 3

+





−⋅= �

즉� 0=x 과� xxy
2
3

2
1 3 +−= �

0=a 일�때� ( ) 3xxf = �

이때� 0=x 은� ( )xf 의�극값점이�아니며�자리길방정식은�없다.�

2)� 0>a 일�때�증가구간은� 





 ∞+−






 −∞− ,

3
2

3
2, aa

U �

감소구간은� 





− 0,

3
2a

�

0<a 일�때�증가구간은� ( ) 





 ∞+−∞− ,

3
20, a

U �
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감소구간은� 





 −

3
2,0 a

�

0=a 일�때� ∈= xxy (3
R)은�증가함수이다.�

15.� 1−>a 일�때�그림�14-18의�ㄱ),� 1−<a 일�때�그림�ㄴ)과�같다.�

�

�

�

�

�

�

�

�

�

�

�

�

�

S1 ( ) ( )3
1

2 1
3
2242 +=++= ∫

−

adxxx
a

�

S2 ( ) ( )3
1

2 1
3
2242 +−=++= ∫

−

adxxx
a

�

종합시험문제Ã

△Ã1차Ã

1.� ( )10log2 ≤<= xxy �� 2.� 0<x �또는

� 1>x ��3.�
4
1

4 −=a ��4.� i−2 ��5.�
7
24

�

6.� °45 �� 7.�
3
1
�� 8.�

5
2

− �� 9.� 1
8

2
2 =−
xy ��

10.�12��11.�B��12.�C��13.�B��14.�C��15.�A��

16.�A��17.�B��18.�D��19.�B��20.�B�

21.�(그림�14-19)�

뜻구역� 0≠x �

그림 14－18

0�

y �

x
S1�

(-1,0)� (a ,0) 0

y

x �

S1

(-1,0)

( a ,0)

ㄱ)� ㄴ)�

A�
A�

그림 14－19�

y

x �0�

-1 1�

2�
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값구역�
( ) ( )
( ) ( )





<+−−

>−−
=

011

011
2

2

xx

xx
y �

22.�곡선에서�점�P ( )2,3 를�지나는�곡선의�방향곁수를� k라고�하면�

xxk 22 −= �즉� 3632 =−=k �

접선의�방정식은� )3(32 −=− xy 이므로� 073 =−− yx �

23.�1)�




+−=
++−=

62
322

xy
xxy

을�풀면�점�P의�자리표는�(1,�4)�

따라서�빗선친�부분의�면적은�

( ) ( )[ ]
3
46232

3

1

2 =+−−++−∫ dxxxx �

2)�회전체의�체적은�

( ) ( )[ ]
5

326232
3

1

222 ππ =+−−++−∫ dxxxx �

24.�1)�(증명)� 111

1

1

1

−=−=
−
−

=−
−

−

− n

n

nn

nn

nn a
a

SS

SS

SS
(상수)( 2≥n )�

2
111

1

=−
aS

�

따라서�








nS

1
은�첫�마디가 

2
1
이고�공통차가�－1인�같은차수

렬이다.�

2)� ( ) ( )
2
2311

2
11 nn

n

−
=−×−+=

S
이므로�

nn 23
2
−

=S �

∴� nn
n S⋅

∞→
lim 1

23
2lim =
−

=
∞→ n

n
n

�

25.�1)�(증명)�AE⊥평면�BCD이므로�BE는�AB의�평면�BCD에로의�사

영이다.�

BC⊥CD이므로�AB⊥CD(세�수직선의�정리)�

2)�점�E를�지나�EF⊥BD되게�AF를�그으면�AF⊥BD�

따라서�∠AFE는�2면각�A－BD－C의�평면각이다.�

△ABD에서�AB⊥AD이므로�
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AF＝
5

12
=

×

BD

ADAB
,�BF＝

5
9
,�tan∠DBC＝

4
3
,�EF＝

20
27

�

∴�∠AFE＝arccos
16
9
�

3)�AE＝ 7
4
3

이므로�S△BCD＝ 643
2
1

=⋅⋅ �

∴�V＝
3
1
SH 7

2
3

= �

26.�1)� 1+= xy 을�갈아넣으면� ( ) 02 222 =−++ yxkxx �즉�

( ) 0222 =−−+ kxkx �

l과�곡선의�사귐점을�P1( 11 , yx ),�P2( 22 , yx )이라고�표시하면�

( ) ,444

,22
22

21

2121

+−=−

−=⋅−=+

kkxx

kxxkxx
�

( ) ( ) 444 22
21

2
21 +−=−=− kkxxyy �

∴�











+






 −=−+−=

4
3

2
18)()(

2
2

21
2

21
2

21 kyyxxPP �

2
1

=k 일�때� 621 =
최소

PP �

2)�곡선의�방정식을�정리하면�

02)1( 22 =−++ kyxxk �

①� 1−=k 일�때� xy 22 −= �곡선은�포물선이다.�

②� 0=k 일�때� 022 =+ xx �즉� 0=x �또는� 2−=x �두�평행선�

③� 1−≠k 이고� 0≠k 일�때�

1

)1(
1

1
1
1

1
2

2

2

=

+

−








+









+
+

kk

y

k

k
x

�

0
)1(

1
>

+ kk
일�때�즉� 0>k �또는� 1−<k 일�때�쌍곡선，
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그림�14－20�

x �0�

y

-2

3� P(1,�3)�

1�

A

Q

0
)1(

1
<

+ kk
이고�

)1(
1

1
1 2

kkk +
≠







+

일�때�즉�
2
11 −<<− k �

또는� 0
2
1

<<− k 일�때�타원,�

)1(
1

)1(
1

2 +
−=

+ kkk
�즉�

2
1

−=k 일�때� 0422 =++ xyx 은�원�

△Ã2차Ã

1． )1(1 −≥+−= xxy ��2．�
5
1sin

5
1cos − ��3.� 






 +−

2
3sin

2
3cos ππ ib �

4．� ],0[ π ��5．�
3−e ��6．�

o30=α ��7．�
3
1

=q ��8．�72개��9．�
3
4
�

10．�C��11．�D��12．�C��13．�B��14．�A��15．�D��16．�A��17．�B�

18．�그림�14-20과�같이� 12 =+z 은�중심이�

（－2，�0）이고�반경이�１인�원을�표시

한다．�

iz 31−− 는�원둘레의�점과�점�P（1，�3）

의�최대값을�표시한다．�

23=AP 이므로�

12331 +=−−=
최대

PQ iz �

12331 −=−−=
최소

PR iz �

19．�조건� 1,0 ≠> aa 로부터�

1)� 1>a 일�때� ( ) ( )[ ] 1
012

2
+>⇒





>+−−
>

ax
axx

x
�

2)� 10 << a 일�때� 10
2    1

20
+<<⇒





>+<
<<

ax
xax

x
또는

�

따라서�1)과�2)를�종합하면�풀이모임은�

{ } { }1,110,10 >+><<+<< aaxxaaxx U �

20.�1)�접점의�자리표는� ( )3, 2
11 +xx ,�접선의�방향곁수는� 12x ,�점�

A ( )0,1 을�지나는�접선의�방정식은�
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( )120 1 −=− xxy �

이로부터� ( ) 1123 111
2
1 −=⇒−=+ xxxx �또는�3,�점�P의�자리

표는�(－1,�4),�점�Q의�자리표는�(3,�12)�

따라서�AP의�방정식은� ( )12 −−= xy ,�AQ의�방정식은�

( )16 −= xy �

∴�S＝ ( ) 122
2
142

2
13

3

1

2 ⋅⋅−⋅⋅−+∫
−

dxx �

3
16163

3
1 3

1

3

1

3 =−+=
−

−

xx �

2)�PQ의�방정식은� ( )1
13
4124 +

+
−

=− xy �

즉� 62 += xy �

∴�V ( ) ( )[ ] ππ
15

2048362
3

1

222 =+−+= ∫
−

dxxx �

21.�1)�BD의�가운데점�E를�잡고�AE,�CE를�맺으면�△ABD,�△BCD

는�바른3각형이므로�

AE⊥BD,�CE⊥BD�

따라서�BD⊥평면�AEC,�BD⊂평면BCD이므로�

평면�BCD⊥�평면�AEC�

즉�∠AEC는�2면각�α －PQ－β 의�평면각이다.�

∴�AE＝ 360sin2 =°⋅ �

이로부터�점�A에서�평면�β 에�수직선�AF를�그으면�

AF＝
2
360sin3 =°⋅ �

2)�점�F에서�CD에�수직선�FH를�긋고�AH를�맺으면�

∠AHF는�2면각�A－CD－B의�평면각이다.�이로부터�

AF＝
2
3
�

점�F가�BC의�가운데점이므로�

FC＝
2
3
,�∠FCD °= 30 �
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∴�FH＝
4
330sin

2
3

=°⋅ ,�tan∠AHF 32

4
3

2
3

== �

따라서�2면각�A－CD－B의�크기는�arctan 32 이다.�

22.�1)� 1221 =−− iz 로부터� 1z 는� ( )2,2 를�중심으로�하고�반

경이�1인�원둘레에�놓인다.�

∴� ,75arg15,31 11 °≤≤°≤≤ zz �

nn ziz
4

31
1

+
=+ ( ) nnn zzzi

2
1,60sin60cos

2
1

1 =°+°= + �

∠A n OA 1+n ＝ ∈° n(60 N)�

마찬가지로��

nz2
1

3 =OA ,�∠A2OA3＝ °60 �

따라서�△A2OA3은�직3각형이다.�

한편�△A2OA3∽△A1OA2로부터�변의�닮음비는�
2
1
,�면적비는�

4
1
,�같은�방법으로�△A1OA2∽△A2OA3…△AnOAn＋1�면적비

는�
4
1
이다.�

따라서�S1,�S2,�…,�Sn,�…은�무한같은비수렬을�이룬다.�공통

비는�
4
1

=q ,�첫마디는�

S1＝
2

18
360sin

2
1 z=⋅⋅= o

21OAΔA OAOAS
21

�

∴�S＝ )(lim nn
SSS 21 +++

∞→
L �

,
6
3

4
11

8
3

2
1

2
1

z
z

=
−

= � 3
max1 =z �
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∴� 3
2
3

max =S �

2)�(1)�
oo 6015 1 <≤ θ 일�때�

654321 θθθθθθ +++++=w �

+++++= )120()60( 111
oo θθθ �

oooo 9006)300()240()180( 1111 +=++++++ θθθθ
∴�

oo 1260990 <≤ w �

(2)�
oo 7560 1 ≤≤ θ 일�때� ]360,0[ oo∈nθ 이므로�

)180()120()60( 1111
ooo ++++++= θθθθw �

)360300()240( 11
ooo −++++ θθ �

o5406 1 += θ �

∴�
oo 990900 ≤≤ w �

(1) 과�(2)로부터�
oo 1260900 <≤ w �
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